Two-Factor Convex Polytope Generation with Topological Closure

1 The Regular Dodecahedron Derived Without Convex Hulls

1.1 Purpose

This section presents a complete, metric-consistent, hull-free derivation of the regular dodecahe-
dron. All geometric quantities are derived explicitly from algebraic factors, without convex hulls,
symmetry groups, or implicit scaling.

The construction proceeds via explicit dualization of the factor-derived icosahedron, followed
by a single global normalization.

1.2 Primitive Factor Set

The regular dodecahedron requires exactly one irrational constant:

145
2
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No other irrational numbers appear.

1.3 Factor-Derived Icosahedron (Starting Point)

We begin with the known factor-derived coordinate realization of the regular icosahedron. Its
vertices are given by all even permutations of:

(0,£1,+¢p), (£1,£¢,0), (£p,0,+1)

This produces exactly 12 vertices.

Edge Uniformity A direct distance calculation verifies that all edges have equal length:
lio = V(1L =92 + 2 +1

Thus the icosahedron is regular.

1.4 Dual Construction via Face Centroids

The regular dodecahedron is defined as the geometric dual of the regular icosahedron.
Each triangular face of the icosahedron produces one vertex of the dodecahedron at its centroid.
Let a face consist of vertices vy, v9, v3. Its centroid is:

U1+ v2+ 3
3

This operation introduces no new algebraic constants.
Since the icosahedron has exactly 20 triangular faces, this yields exactly 20 points.



1.5 Radial Normalization

The centroids obtained above do not lie on a common sphere. We therefore apply a single global
normalization.
Let:
R= max llcill

We define normalized vertices:

This ensures:
vad)H =1 foralli

This is the only scaling applied, and it is explicit.

1.6 Resulting Vertex Set

The normalized centroids form exactly 20 vertices.
Each vertex has three neighbors. Each face consists of five vertices. All edges have equal length.

1.7 Edge-Length Verification
@ .

For any two adjacent dodecahedral vertices v, , V)
d d
o1 = 05l = faou

This value is constant across all edges by construction.

1.8 Face Structure

Each face is a regular pentagon.
This follows directly from duality: each vertex of the icosahedron is incident to five faces, which
become the five vertices of one pentagonal face in the dual.

1.9 Topological Closure
The resulting polyhedron satisfies:
V=20, E=30, F=12

X=V—-E+F=2

Thus the construction is topologically closed.

1.10 Summary

e No convex hulls were used

e No mixed coordinate scales were used

Only ¢ appears as an irrational factor

All scaling is explicit and global



e All edges are equal

o All faces are regular pentagons

This completes a correct, hull-free derivation of the regular dodecahedron.



