A Hull-Free
Derivation of
the Regular
Dodecahedron

An explicit construction from
first principles.
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The Guiding
Principles of a Pure
Construction

This section presents a complete,
metric-consistent derivation. The entire
construction adheres to a strict set

of principles, avoiding common
algorithmic shortcuts.

No Convex Hulls

No Symmetry
Groups

No Implicit or Mixed
Coordinate Scaling
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The Blueprint: A Single Irrational Constant

The construction of the regular dodecahedron requires exactly one irrational
constant. No other irrational numbers appear.

®=(1+V5)/2
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The Scaftold:
A Factor-Derived
Icosahedron

We begin with the known coordinate
realization of the reqular icosahedron. Its
12 vertices are given by all even
permutations of the following coordinates:

(0, +1, o)

(x1,£@, 0)
(2o, 0, £1)

This construction yields exactly 12 vertices
and 20 triangular faces. All edges are of a

uniform length, €. ..
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The Core Insight: Geometric Duality

The regular dodecahedron is the geometric dual of the regular
icosahedron. This fundamental relationship means that a vertex of
one polyhedron corresponds to a face of the other.

\7%)0

Each triangular face of the icosahedron
produces one vertex of the dodecahedron.
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The Transformation: From Faces to Vertices

The new vertices are located at the centroid of each of the icosahedron's 20 triangular
faces. The centroid c for a face with vertices v1, v2, v3 is calculated explicitly.
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A Necessary b2 i

Refinement

The 20 centroids obtained via '.
dualization do not yet form a
regular polyhedron. Crucially, ;
they do not lie on a common .
sphere. e Ll e
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Forging a Perfect
Sphere via

Normalization

To ensure all vertices lie on a
common sphere, a single global
normalization is applied. We define a
maximum radius R and scale each
centroid vector c; to create the

final dodecahedral vertices v(d);.

R = max ||
L Ci

v(d); = P

This is the only scaling applied, and
it is explicit and global.

Before Normalization

e
After Normalizatiéﬁ?'“‘“--
Sphere of radius R
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The Result:
A Perfect Set of
20 Vertices

The normalized centroids form the
final 20 vertices of the regular
dodecahedron.

e Each vertex has three neighbors.

e Each face consists of five vertices.

e All edges have equal length.
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Verification I: Edge Unitormity

By construction, the distance between any two adjacent dodecahedral vertices
Is constant.

|lv(d); — v(d);|| = 2404 (a constant value).

{?dc}d
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Veritication II: Regular Pentagonal Faces

The structure of the faces follows directly from duality. Each vertex of the

icosahedron was incident to five triangular faces. In the dual, these become
the five vertices of one pentagonal face.
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Veritication III: Topological Closure

The resulting polyhedron is topologically closed, satisfying Euler's formula
for convex polyhedra.

Vertices (V) = 20

X=V-E+F

Ed E) =
gatedmees | I FEE

Faces (F) =12



The Promise Kept: A Correct,
Hull-Free Derivation

This completes the construction. The method
successfully derived the regular dodecahedron
while adhering to all initial principles.

" No convex hulls were used

« Only ¢ appears as an irrational factor

« No mixed coordinate scales were used
" All scaling is explicit and global
« All edges are equal

" All faces are regular pentagons
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