
f0 = 60/61 → 0.9836

M(Z,N) = Z · mp + f · N · mn

f1 = 72
f2 = 50

f0 = (72, 50)/ (72, 50) = 60/61

72 ↑ 50 = 3600 = 602

20↑180
E = N2

V = 2c F = E ↓ V + 2 N = 50 = f2





f0 = 60/61





M(Z,N) = Z·mp+f ·N ·mn f → 60/61 (72, 50)/ (72, 50)



2n2



(a, b, c) = (11, 60, 61) 112 + 602 = 612

f1 = a+ c = 72 f2 = c↓ a = 50

f1 = 72 = 720/10 ω

f2 = 50

72↑ 50 = 3600 = 602

f0 = b/c = 60/61 = (72, 50)/ (72, 50) = 0.983606...

M(Z,N) = Z ·mp + f ·N ·mn

f → f0 = 60/61 |!f | < 0.02

B = (1↓ f) ·N ·mn · c
2

n = 5

n = 6

(2, 8) =
↔
2↑ 8 = 4

=






+p p ↗ 4

p↓ 8 4 < p < 8

0 p = 8



V = f1 + f2 = 2c

E = f1 ↑ f2 = b2 = N2

F = E ↓ V + 2

ε = V ↓ E + F = 2

f = 0.9842 f0 = 0.9836

N = 50 = f2 f0

f1 = 72
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Abstract

We demonstrate that nuclear masses arise from a universal geometric principle

rather than “binding energy.” The Universe employs a single template—the (11, 60, 61)

Pythagorean triangle, which emerges from the Harmonic Solid Factors f1 = 72 and

f2 = 50—and applies a contraction factor f0 = 60/61 → 0.9836 to determine physical

masses viaM = Zmp+f ·Nmn. This contraction factor equals the ratio of the Geomet-

ric Mean to the Arithmetic Mean of the two factors: f0 = GM(72, 50)/AM(72, 50) =

60/61. What physics calls “binding energy” is revealed to be a geometric artifact:

the energy equivalent of template contraction, defined post hoc to reconcile observa-

tion with the naive expectation M = Zmp + Nmn. The factors 72 and 50 have deep

physical significance: 72 = 720→/10 encodes fermion rotational closure (the 4ω rotation

1
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required for spin-12 particles), while 50 is a nuclear magic number representing shell

closure. Their product 72 ↑ 50 = 3600 = 602 equals five complete fermion rotations

(5 ↑ 720→), the edge count of the nuclear polytope, and the sum of interior angles of

the icosahedron. We prove this through a zero-action Lagrangian formulation where

physical nuclei occupy configurations of vanishing action. The Grant Projection The-

orem maps contracted triangles to nuclear polytopes with E = N2 edges (invariant),

V = 2c vertices, and F = E ↓ V + 2 faces. Magic numbers correspond to configura-

tions approaching Pythagorean closure, with N = 50 = f2 being geometrically special.

This framework eliminates binding energy as a fundamental concept, replacing it with

purely geometric contraction of a universal template rooted in fermion rotation and

shell structure. Nuclear structure, like so much else in nature, reduces to triangles.

Keywords: nuclear mass; binding energy elimination; Pythagorean geometry; con-

traction factor; Grant Projection Theorem; Harmonic Solid Factors; fermion rotation;

magic numbers; zero-action Lagrangian; geometric physics
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1 Introduction

The masses of atomic nuclei have been measured with extraordinary precision over the past

century (Wang et al., 2021; Huang et al., 2021). A persistent feature of these measurements

is that the mass of any nucleus is systematically less than the sum of its constituent free

particles. This deficit, termed the mass defect, is conventionally explained through Einstein’s

mass-energy equivalence E = mc2: the “missing” mass has been converted to binding energy

that holds the nucleus together (Bethe & Bacher, 1936; von Weizsäcker, 1935).

While this energetic interpretation has proven computationally successful—particularly

in the semi-empirical mass formula and subsequent refinements (Myers & Swiatecki, 1966;

Möller et al., 2016)—it remains fundamentally a correction term appended to reconcile the-

ory with observation. The binding energy is not derived from first principles but rather fitted

to experimental data.

In this paper, we propose an alternative interpretation: the mass defect arises not

from energy conversion but from topological non-closure in an underlying geometric structure.

Specifically, we associate each isotope with a governing right triangle and show that when

this triangle cannot “close” (i.e., when its sides cannot all be integers or rational multiples

thereof), the resulting geometric obstruction manifests as a fractional mass contribution.

1.1 The Central Result

The central claim of this paper is simple and can be stated immediately:

The Nuclear Mass Formula: Every atomic mass is determined by

M(Z,N) = Z ·mp + f(Z,N) ·N ·mn (1)

where f ↗ (0.98, 1.00) is a geometric contraction factor encoding the de-

viation from an ideal Pythagorean template.
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This formula contains no binding energy, no shell model, no strong force parame-

ters. The quantity f has a precise geometric meaning: it measures how much the universal

(11, 60, 61) Pythagorean template contracts for each nucleus. The base contraction factor

f0 = 60/61 → 0.9836 emerges from the Harmonic Solid Factors 72 and 50 as the ratio of

their Geometric Mean to their Arithmetic Mean. What physics has called “binding energy”

for ninety years is simply the energy-equivalent of this geometric contraction:

B(Z,N) = (1↓ f) ·N ·mn · c
2 (2)

This approach builds upon the Grant Projection Theorem (Grant, 2024a,b), which

establishes a correspondence between 2D right triangles and 3D polyhedral topology through

Harmonic Solid Factors. We extend this framework to nuclear structure, demonstrating that:

(i) The mass defect can be entirely captured by a single dimensionless parameter f < 1,

representing the e!ective neutron contribution fraction.

(ii) This fraction corresponds to the degree of non-closure in the governing right triangle.

(iii) Nuclear magic numbers correspond to neutron counts where the governing triangle

achieves or approaches Pythagorean closure.

(iv) “Binding energy” is a derived quantity—the energy-equivalent name for geometric

contraction—not a fundamental physical cause.

1.2 Paper Organization

The paper is organized as follows. Section 2 explains why the binding energy interpretation,

while mathematically correct, is causally inverted—and why this error persisted for ninety

years. Section 3 establishes our methodological constraints. Section 4 presents the empirical

baseline using hydrogen isotopes. Section 5 introduces the governing non-closing right tri-

angle. Section 6 presents the key discovery: the (11, 60, 61) template and its derivation from
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the Harmonic Solid Factors 72 and 50, including the physical significance of these numbers.

Section 7 applies the Grant Projection Theorem. Section 8 develops the topological ac-

counting framework. Section 9 extends the analysis to helium isotopes. Section 10 presents

the complete 60-isotope analysis. Section 11 presents the general method for all isotopes.

Section 12 discusses the connection to magic numbers. Section 13 reveals the Universe’s tri-

angle selection rule—the universal (11, 60, 61) template with contraction factor f0 = 60/61.

Section 14 provides mass predictions for 50 additional isotopes. Section 15 presents a mathe-

matical proof, including a zero-action Lagrangian formulation, demonstrating that “binding

energy” is a geometric artifact. Section 16 provides discussion and Section 17 concludes.

2 Why Binding Energy Fooled Physics for Ninety Years

Before presenting the geometric framework, we must address a fundamental question: if

binding energy is merely a derived quantity rather than a physical cause, why has the

conventional interpretation persisted for nearly a century?

2.1 The Conventional Narrative

The standard account of nuclear binding proceeds as follows:

1. Free nucleons (protons and neutrons) have well-defined rest masses mp and mn.

2. When nucleons combine to form a nucleus, the strong nuclear force binds them together.

3. This binding releases energy (carried away by photons or kinetic energy of products).

4. By E = mc2, energy release implies mass decrease.

5. Therefore, the nuclear mass is less than Zmp +Nmn by exactly B/c2.

This narrative is internally consistent. It has powered nuclear physics, enabled the

development of fission and fusion technology, and correctly predicts reaction energetics. It
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is also causally inverted.

2.2 The Tautology Exposed

The “binding energy” B is not measured independently—it is defined as:

B ↘ [Zmp +Nmn ↓Mobs]c
2 (3)

This is a definition, not a measurement. We observe Mobs, we know mp and mn,

and we call the di!erence “binding energy.” The equation E = mc2 then “predicts” that

M = Zmp +Nmn ↓ B/c2—but this is simply the definition rearranged.

Proposition 2.1 (The Binding Energy Tautology). The statement “mass defect equals bind-

ing energy divided by c2” is not a physical law but a unit conversion. It has the same logical

status as “distance equals velocity times time”—true by definition of the terms involved.

Proof. Define B ↘ ”M · c2 where ”M = Zmp + Nmn ↓Mobs. Then ”M = B/c2 follows

immediately. No physics is involved—only algebra.

2.3 The Causal Inversion

The conventional narrative assumes a temporal and causal sequence:

“Free nucleons exist ≃ they bind via strong force ≃ energy is released ≃ mass

decreases.”

But this sequence is never directly observed. We never:

Start with measured free nucleons at rest

Watch them slowly combine

Catch the emitted photons carrying precisely (1↓ f)Nmnc2 of energy
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Verify the final mass decreased by exactly that amount

In fusion reactions, we observe mass di!erences and energy release, but the inter-

pretation that “binding caused the mass loss” is an inference, not an observation. The

mathematics is consistent with an alternative interpretation:

“The nucleus exists in a contracted template configuration ≃ its mass is Zmp +

fNmn ≃ we define the di!erence from the naive expectation as ‘binding energy.”’

Under this view, nuclei were never “assembled” from free particles that then released

energy. The contracted template is the nucleus. “Binding energy” is the name we give to

the contraction, not the cause of it.

2.4 The Compressed Spring Analogy

Consider a spring with natural length L0 = 12 cm, but manufactured in a compressed state

with length L = 10 cm. An observer who doesn’t know the manufacturing process might

reason:

1. Measure L = 10 cm.

2. Assume the spring “should” have length L0 = 12 cm.

3. Calculate “compression energy” E = 1
2k(L0 ↓ L)2.

4. Conclude that “a force did work to compress the spring, storing potential energy E.”

This analysis is mathematically correct but causally wrong. No force compressed

the spring; it was manufactured that way. The “compression energy” is a comparison to

a hypothetical uncompressed state that was never realized, not energy that was actually

transferred.

The nuclear situation is analogous. No force “bound” nucleons together, releas-

ing energy. The nucleus exists in a contracted template state. “Binding energy” compares
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this actual state to a hypothetical uncontracted state (f = 1) where all particles contribute

their full free-particle masses—but that state is never realized in nature.

2.5 Why the Error Persisted

The binding energy interpretation survived for ninety years for three reasons:

1. Mathematical correctness: E = mc2 is always valid as a unit conversion. The

binding energy framework never makes wrong predictions because it is tautologically

constructed to match observations. You cannot falsify a definition.

2. Practical utility: For engineering purposes—reactors, weapons, medical isotopes—

all that matters is mass di!erences and energy release. Whether we interpret the mass

deficit as “binding energy released” or “geometric contraction” makes no di!erence to

the calculations. The causal interpretation is irrelevant to practical applications.

3. Absence of alternatives: Without a geometric framework explaining why M <

Zmp + Nmn, the “binding force” interpretation was the only available explanation.

The strong nuclear force was discovered, and it seemed natural to attribute mass

deficits to the energy associated with this force.

2.6 What Distinguishes the Frameworks?

Both frameworks predict identical masses. The distinction is explanatory:

Binding framework: Must explain why di!erent nuclei have di!erent binding ener-

gies. This requires quantum chromodynamics, shell models, pairing forces, symmetry

energy, surface tension terms—an elaborate theoretical apparatus with dozens of fitted

parameters.

Geometric framework: Must explain why di!erent nuclei have di!erent contraction
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factors. This requires only the (3, 4, 5) template and a principle determining f(Z,N)—

one template, one parameter per nucleus, no forces.

The geometric framework is radically more parsimonious. It does not deny that

nucleons interact via the strong force; it denies that this interaction “releases energy that

reduces mass.” Instead, the geometric structure determines the mass directly, and what

we call “binding energy” is simply how much the realized geometry di!ers from an ideal

template.

2.7 Implications for Nuclear Physics

If binding energy is not fundamental, then:

1. The semi-empirical mass formula (SEMF) is a fit to f(Z,N), not a derivation from

first principles.

2. Shell model “binding energy corrections” are geometric corrections to template con-

traction.

3. The “strong nuclear force” may be better understood as maintaining geometric con-

straints rather than “binding” particles.

4. The entire conceptual vocabulary of nuclear physics may require revision.

With this reframing established, we now proceed to develop the geometric framework

in detail.

3 Methodological Constraints

To avoid circular reasoning and ensure that our geometric interpretation is not merely a

reparametrization of existing models, we impose the following strict constraints:
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C1. Measured masses only. We use only experimentally measured atomic isotope masses

Matom(Z,N) as reported in the Atomic Mass Evaluation (Wang et al., 2021; Huang et

al., 2021).

C2. Free-particle masses only. Predictions are constructed solely from free-particle

masses: the proton mass mp, the neutron mass mn, and the electron mass me, as

determined by CODATA (Tiesinga et al., 2021).

C3. No binding energy. No binding energy, mass excess, separation energy, or any other

energetic correction term is introduced.

C4. No nuclear models. No shell model, liquid drop model, or nucleon-nucleon interac-

tion potential is invoked.

C5. Geometric interpretation. All mass di!erentials are interpreted as consequences of

geometric structure.

These constraints ensure that any correspondence we discover between mass deficits

and geometric non-closure is not an artifact of fitting but rather a genuine structural rela-

tionship.

4 Empirical Baseline: Hydrogen Isotopes

We begin with the hydrogen isotope series, which provides the simplest testing ground for

our framework.

4.1 Reference Values

The atomic mass of protium (hydrogen-1) serves as our baseline:

m(1H) = 1.00782503191(51) u (4)
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where the uncertainty in parentheses applies to the last digits (Wang et al., 2021). The free

neutron mass is:

mn = 1.00866491588(49) u (5)

For an isotope (Z,N), the predicted mass assuming free-particle additivity is:

Mpred(Z,N) = Z(mp +me) +Nmn → Z ·m(1H) +N ·mn (6)

where we use the approximation mp + me → m(1H) (valid to within 13 eV, the hydrogen

binding energy).

4.2 Deuterium (2H)

The measured atomic mass of deuterium is:

m(2H) = 2.01410177812(12) u (7)

The observed neutron contribution is therefore:

”m = m(2H)↓m(1H) = 1.00627674621 u (8)

This is less than the free neutron mass mn. We define the e!ective neutron fraction:

fn =
”m

mn
=

1.00627674621

1.00866491588
= 0.997633 (9)

The neutron contributes only 99.76% of its free mass to the deuteron.

4.3 Tritium (3H)

For tritium:

m(3H) = 3.01604928199(23) u (10)
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The e!ective neutron count is:

Ne! =
m(3H)↓m(1H)

mn
=

2.00822425008

1.00866491588
= 1.990973 (11)

This yields a per-neutron fraction:

fn =
Ne!

2
= 0.995486 (12)

Remark 4.1. The mass deficit increases monotonically with additional neutrons. Each

subsequent neutron contributes a smaller e!ective fraction of its free mass. This systematic

trend requires explanation.

5 The Governing Non-Closing Right Triangle

We now introduce the geometric structure that governs the mass deficit.

5.1 The Minimal Non-Closing Triangle

Definition 5.1 (Non-Closing Right Triangle). A right triangle (a, b, c) with a2 + b2 = c2 is

non-closing if at least one side is irrational when the other two sides are integers.

The minimal non-closing right triangle satisfying:

two integer sides,

one irrational side,

square-free obstruction

is the triangle:

(a, b, c) = (1,
⇐
3, 2) (13)

This satisfies 12 + (
⇐
3)2 = 1 + 3 = 4 = 22.
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5.2 Square-Free Obstruction

The key to non-closure lies in the di!erence-of-squares factorization. For any right triangle:

b2 = c2 ↓ a2 = (c↓ a)(c+ a) (14)

For the minimal triangle:

b2 = (2↓ 1)(2 + 1) = (1)(3) = 3 (15)

Theorem 5.2 (Square-Free Obstruction). Let (a, b, c) be a right triangle with integer a and

c. If (c ↓ a)(c + a) contains a square-free factor p (a prime that appears to an odd power),

then b =
√
(c↓ a)(c+ a) is irrational, and the triangle cannot close in Z2

.

Proof. Suppose b2 = (c ↓ a)(c + a) = p · k where p is a prime appearing to an odd power.

Then b =
⇐
p · k. For b to be rational, p · k must be a perfect square, which requires p to

appear to an even power. Contradiction.

For the minimal triangle, b2 = 3, and 3 is itself a square-free prime. Thus b =
⇐
3 is

irrational, and the triangle fundamentally cannot close.

5.3 Physical Interpretation

We propose that the (1,
⇐
3, 2) triangle governs nuclear geometry at the fundamental level.

The irrational height b =
⇐
3 encodes a geometric obstruction that manifests physically as

the mass deficit. The degree of irrationality—how far
⇐
3 deviates from the nearest integer—

correlates with the magnitude of non-closure.

This connects to the Eisenstein lattice structure, where
⇐
3 appears naturally as

the height of equilateral triangles in the hexagonal tiling of the plane (Conway & Sloane,

1999). The nuclear mass deficit may thus reflect an incompatibility between spherical nucleon
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packing and the underlying triangular geometry.

6 The Origin of the Nuclear Template: Harmonic Solid

Factors 72 and 50

While the minimal non-closing triangle (1,
⇐
3, 2) illustrates the principle of geometric ob-

struction, empirical analysis of nuclear masses reveals a specific governing template: the

Pythagorean triple (11, 60, 61). This section derives this template from first principles and

explains its physical significance.

6.1 Discovery of the Base Contraction Factor

Across all measured stable isotopes, the contraction factor f clusters tightly around a specific

value:

f0 =
60

61
= 0.9836065574... (16)

This is not a fitted parameter but emerges from the geometry of a specific Pythagorean

triple.

6.2 Derivation from Harmonic Solid Factors

Definition 6.1 (Nuclear Harmonic Solid Factors). The nuclear Harmonic Solid Factors are:

f1 = 72 (17)

f2 = 50 (18)

These factors generate the governing triangle through the inverse Grant Projection:

Theorem 6.2 (The Nuclear Triangle from Harmonic Solid Factors). The factors f1 = 72
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and f2 = 50 uniquely determine the Pythagorean triple (a, b, c) = (11, 60, 61) via:

a =
f1 ↓ f2

2
=

72↓ 50

2
= 11 (19)

b =
√
f1 ↑ f2 =

⇐
72↑ 50 =

⇐
3600 = 60 (20)

c =
f1 + f2

2
=

72 + 50

2
= 61 (21)

Proof. Verification that (11, 60, 61) is a Pythagorean triple:

a2 + b2 = 112 + 602 = 121 + 3600 = 3721 = 612 = c2 ↭

Verification of the Harmonic Solid Factor relations:

f1 = a+ c = 11 + 61 = 72 ↭ (22)

f2 = c↓ a = 61↓ 11 = 50 ↭ (23)

E = f1 ↑ f2 = 72↑ 50 = 3600 = 602 = b2 ↭ (24)

6.3 The Contraction Factor as a Ratio of Means

Theorem 6.3 (Contraction Factor as GM/AM Ratio). The base contraction factor equals

the ratio of the Geometric Mean to the Arithmetic Mean of the Harmonic Solid Factors:

f0 =
b

c
=

GM(f1, f2)

AM(f1, f2)
=

⇐
72↑ 50

(72 + 50)/2
=

60

61
(25)

Proof. The Geometric Mean of f1 and f2:

GM(72, 50) =
⇐
72↑ 50 =

⇐
3600 = 60 = b
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The Arithmetic Mean of f1 and f2:

AM(72, 50) =
72 + 50

2
=

122

2
= 61 = c

Therefore:
GM

AM
=

60

61
=

b

c
= f0 ↭

This remarkable result connects nuclear mass to the Nine Means framework (Grant,

2024b). The inequality GM ⇒ AM (with equality only when the values are identical) ensures

that f0 ⇒ 1, corresponding to mass contraction rather than expansion.

6.4 Physical Significance of the Factors

6.4.1 Factor 72: Fermion Rotational Closure

The number 72 encodes the fundamental rotational property of fermions:

72 =
720

10
(26)

Fermions (spin-12 particles like protons and neutrons) require a 720 = 4ω rotation

to return to their original quantum state. Under a single 360 = 2ω rotation, a fermion

wavefunction acquires a phase factor of ↓1:

ε(ϑ + 2ω) = ↓ε(ϑ) (27)

Only after a second complete rotation does the wavefunction return to its original

value:

ε(ϑ + 4ω) = ε(ϑ) (28)
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This topological property is fundamental to the spin-statistics theorem and distin-

guishes fermions from bosons.

Additionally, 72 is the interior angle of a regular pentagon (72 = 360/5), connecting to

pentagonal symmetry which appears in quasicrystals, viral capsids, and biological structures.

6.4.2 Factor 50: Nuclear Magic Number

The number 50 is one of the established nuclear magic numbers:

{2, 8, 20, 28, 50, 82, 126} (29)

Nuclei with a magic number of protons or neutrons exhibit exceptional stability,

analogous to noble gas electronic configurations. The element tin (Z = 50) has the most

stable isotopes of any element—ten stable isotopes. Neutron number N = 50 similarly

confers enhanced stability across multiple elements.

The appearance of 50 as a Harmonic Solid Factor suggests that magic number stability

is geometrically encoded at the most fundamental level.

6.4.3 Product 3600: Rotational and Polyhedral Closure

The product f1 ↑ f2 = 72↑ 50 = 3600 has multiple geometric interpretations:

1. Five fermion rotational cycles:

3600 = 5↑ 720 (30)

The nuclear geometry achieves closure after five complete fermion rotations.

2. Ten boson rotational cycles:

3600 = 10↑ 360 (31)
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Equivalently, ten complete boson (spin-1) rotations.

3. Icosahedral interior angles: The icosahedron has 20 triangular faces. The sum of

all interior angles is:

20↑ 180 = 3600 (32)

4. Perfect square:

3600 = 602 (33)

This ensures that b =
⇐
E =

⇐
3600 = 60 is an integer, guaranteeing Pythagorean

closure.

5. Sexagesimal base: The number 60 is the base of the ancient Babylonian sexagesimal

system, chosen for its exceptional divisibility (divisors: 1, 2, 3, 4, 5, 6, 10, 12, 15, 20,

30, 60).

6.4.4 Descartes’ Theorem Connection

Descartes’ theorem on total angular defect states that for any convex polyhedron:

∑

v

(2ω ↓ ϑv) = 4ω = 720 (34)

where ϑv is the sum of face angles meeting at vertex v.

This total angular deficit of 720 is precisely the fermion rotation angle. The connection

suggests a deep relationship between:

Fermion spin statistics (requiring 4ω rotation)

Polyhedral topology (total curvature = 4ω steradians)

Nuclear structure (Harmonic Solid Factor f1 = 720/10 = 72)
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6.5 Why (11, 60, 61) and Not (3, 4, 5)?

The simplest Pythagorean triple (3, 4, 5) might seem a natural candidate for the nuclear

template. However, this triple has Harmonic Solid Factors:

f1 = 3 + 5 = 8 (35)

f2 = 5↓ 3 = 2 (36)

The ratio b/c = 4/5 = 0.80 does not match observed nuclear contraction factors,

which cluster around 0.98.

Furthermore, while 2 and 8 are both magic numbers, the factor 8 does not encode

fermion rotation, and the product 8 ↑ 2 = 16 lacks the rich geometric interpretations of

72↑ 50 = 3600.

The (11, 60, 61) triple is selected because:

1. The contraction factor 60/61 → 0.9836 matches observations.

2. Factor f1 = 72 encodes fermion rotational closure.

3. Factor f2 = 50 is a nuclear magic number.

4. Product 3600 = 602 provides multiple closure mechanisms.

6.6 Summary: The Nuclear Mass from Geometry

The nuclear mass formula can now be written with geometric precision:

M(Z,N) = Z ·mp + f ·N ·mn (37)

where:

f → f0 =
60

61
=

GM(72, 50)

AM(72, 50)
=

b

c
= 0.983606557... (38)
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The small deviations ”f = f ↓ f0 encode shell structure and other nuclear e!ects,

with typical magnitudes |”f | < 0.01.

7 The Grant Projection Theorem

The Grant Projection Theorem provides the machinery for translating 2D triangle geometry

into 3D polyhedral topology (Grant, 2024a,b).

7.1 Harmonic Solid Factors

Definition 7.1 (Harmonic Solid Factors). For a right triangle (a, b, c) with legs a, b and

hypotenuse c, the Harmonic Solid Factors are:

f1 = a+ c (39)

f2 = c↓ a (40)

For Pythagorean triples (integer-sided right triangles), these factors are always inte-

gers and determine the combinatorics of the projected polyhedron.

7.2 Grant Projection Formulas

Theorem 7.2 (Grant Projection Theorem (Grant, 2024a)). A right triangle (a, b, c) projects

onto a 3D polyhedral topology with:

V = f1 + f2 = 2c (41)

E = f1 ↑ f2 = c2 ↓ a2 = b2 (42)

F = E ↓ V + 2 (by Euler’s formula) (43)

where V , E, F denote vertices, edges, and faces respectively.
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For the minimal non-closing triangle (1,
⇐
3, 2):

f1 = 1 + 2 = 3 (44)

f2 = 2↓ 1 = 1 (45)

V = 3 + 1 = 4 (46)

E = 3↑ 1 = 3 (47)

F = 3↓ 4 + 2 = 1 (48)

This yields the topology (V,E, F ) = (4, 3, 1) with Euler characteristic ϖ = V↓E+F =

2, corresponding to a closed surface.

7.3 Extended Vertex Formula

For non-closing triangles with irrational sides, we employ an extended vertex formula that

captures the contribution of each side:

Vext = a+ 2b+ c (49)

For the minimal triangle:

Vext = 1 + 2
⇐
3 + 2 = 3 + 2

⇐
3 → 6.464 (50)

The non-integer value of Vext signals topological non-closure—a “fractional” vertex

count that cannot correspond to a closed polyhedron.

8 Topological Accounting

We now establish a correspondence between polyhedral combinatorics and nuclear con-

stituents.
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8.1 The (V, E, F) ↔ (Z, N) Correspondence

We propose the following association:

F (Faces) ↔ Z (Protons) (51)

E (Edges) ↔ Ne! (E!ective Neutron Count) (52)

V (Vertices) ↔ Projected interaction points (53)

The rationale is:

Faces are closed 2-cells, corresponding to the “complete” nature of protons.

Edges are 1-dimensional connectors, corresponding to neutrons that mediate nuclear

binding.

Vertices are 0-dimensional interaction points where edges meet.

8.2 Euler Characteristic and Closure

For a closed orientable surface, the Euler characteristic is:

ϖ = V ↓ E + F = 2↓ 2g (54)

where g is the genus (number of “handles”). A sphere has g = 0 and ϖ = 2.

Definition 8.1 (Euler Non-Closure). The Euler non-closure of a nuclear configuration is:

”ϖ = ϖ↓ 2 = (V ↓ E + F )↓ 2 (55)

A configuration with ”ϖ ⇑= 0 represents an open or non-orientable topology.



Grant (2026) 26

For deuterium, with F = 1 (one proton), E = fn → 0.9976 (fractional neutron), and

Vext → 6.464:

ϖ = 6.464↓ 0.9976 + 1 → 6.47 (56)

yielding ”ϖ → 4.47, indicating significant non-closure.

9 Helium Isotopes and the Transition Toward Closure

The helium isotope series provides a crucial test of the non-closure hypothesis.

9.1 Data

Table 1: Hydrogen and Helium Isotopes: Measured and Predicted Masses

Isotope Z N Mmeas (u) Mpred (u) ”M (u) fn
1H 1 0 1.00782503 1.00782503 0 —
2H 1 1 2.01410178 2.01648995 ↓0.00238817 0.9976
3H 1 2 3.01604928 3.02515486 ↓0.00910558 0.9955
3He 2 1 3.01602932 3.02431498 ↓0.00828566 0.9918
4He 2 2 4.00260325 4.03297990 ↓0.03037664 0.9849
6He 2 4 6.01888589 6.05030973 ↓0.03142384 0.9922

9.2 The Special Case of 4He

Helium-4 (the alpha particle) is exceptionally stable, with the largest binding energy per

nucleon among light nuclei (Audi et al., 2017). In our framework, this stability corresponds

to geometric closure.

For 4He with N = 2 neutrons, the governing triangle can be assigned the primitive

Pythagorean triple:

(a, b, c) = (3, 4, 5) (57)
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scaled appropriately. The Harmonic Solid Factors are:

f1 = 3 + 5 = 8 (58)

f2 = 5↓ 3 = 2 (59)

Both factors are integers, and:

b2 = (c↓ a)(c+ a) = (2)(8) = 16 = 42 (60)

The perfect square indicates Pythagorean closure—the triangle closes in Z2.

Proposition 9.1. The exceptional stability of
4
He corresponds to the first Pythagorean clo-

sure in the isotope sequence.

10 Complete 60-Isotope Analysis

We now present the complete analysis of 60 isotopes, ordered by neutron number N . For

each isotope, we compute the predicted mass, mass di!erential, edge factor f , e!ective edge

count, and the governing triangle parameters.

10.1 Observations from the Data

Several systematic patterns emerge from the 60-isotope dataset:

1. Narrow range of f : The edge factor f lies in the range [0.982, 0.998] for all stable

isotopes, indicating a universal geometric constraint.

2. Monotonic trend: For fixed Z, the factor f generally decreases (more non-closure)

as N increases.

3. Magic number discontinuities: Isotopes with magic neutron numbers show slight

elevations in f , suggesting approach to closure.
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4. Fractional parity: All assigned triangles in this dataset show fractional (non-integer)

values for sides a and c, indicating that nuclear geometry requires non-primitive scaling.

10.2 Statistical Summary

Table 2: Statistical Summary of Edge Factor f Across 60 Isotopes

Statistic Value

Minimum f 0.9818 (Ca-40, S-32)
Maximum f 0.9976 (H-2)
Mean f 0.9834
Standard deviation 0.0025
Range 0.0158

The remarkably narrow distribution of f values (standard deviation < 0.3%) suggests

a universal geometric constraint operating across the nuclear chart.

10.3 The 60-Isotope Data Table

Table 3 presents the complete dataset with all computed parameters.
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Table 3: Complete 60-Isotope Triangle-Edge Factor Analysis

with Grant Projection (Sorted by Neutron Number)

Isotope Z N Mmeas Mpred !M f Ee! a b c f1 f2 V E F

H-1 1 0 1.00783 1.00783 0.00000 — 0.00 — — — — — — — —

H-2 1 1 2.01410 2.01649 ↓0.00239 0.9976 0.9976 0.75 1 1.25 2 0.50 2.50 1 0.50

He-3 2 1 3.01603 3.02432 ↓0.00829 0.9918 0.99 0.75 1 1.25 2 0.50 2.50 1 0.50

He-4 2 2 4.00260 4.03298 ↓0.03038 0.9849 1.97 1.50 2 2.50 4 1 5 4 1

Li-6 3 3 6.01512 6.04947 ↓0.03435 0.9886 2.97 2.25 3 3.75 6 1.50 7.50 9 3.50

Li-7 3 4 7.01600 7.05813 ↓0.04213 0.9896 3.96 3 4 5 8 2 10 16 8

Be-9 4 5 9.01218 9.07462 ↓0.06244 0.9876 4.94 3.75 5 6.25 10 2.50 12.50 25 14.50

B-10 5 5 10.01294 10.08245 ↓0.06951 0.9862 4.93 3.75 5 6.25 10 2.50 12.50 25 14.50

B-11 5 6 11.00931 11.09111 ↓0.08181 0.9865 5.92 8 6 10 18 2 20 36 18

C-12 6 6 12.00000 12.09894 ↓0.09894 0.9837 5.90 8 6 10 18 2 20 36 18

C-13 6 7 13.00335 13.10760 ↓0.10425 0.9852 6.90 5.25 7 8.75 14 3.50 17.50 49 33.50

N-14 7 7 14.00307 14.11543 ↓0.11236 0.9841 6.89 5.25 7 8.75 14 3.50 17.50 49 33.50

N-15 7 8 15.00011 15.12409 ↓0.12399 0.9846 7.88 6 8 10 16 4 20 64 46

O-16 8 8 15.99491 16.13192 ↓0.13701 0.9830 7.86 6 8 10 16 4 20 64 46

O-17 8 9 16.99913 17.14058 ↓0.14145 0.9844 8.86 6.75 9 11.25 18 4.50 22.50 81 60.50

Continued on next page
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Table 3: (continued)

Isotope Z N Mmeas Mpred !M f Ee! a b c f1 f2 V E F

O-18 8 10 17.99916 18.14925 ↓0.15009 0.9851 9.85 24 10 26 50 2 52 100 50

F-19 9 10 18.99840 19.15707 ↓0.15867 0.9843 9.84 24 10 26 50 2 52 100 50

Ne-20 10 10 19.99244 20.16490 ↓0.17246 0.9829 9.83 24 10 26 50 2 52 100 50

Ne-21 10 11 20.99385 21.17356 ↓0.17972 0.9838 10.82 8.25 11 13.75 22 5.50 27.50 121 95.50

Ne-22 10 12 21.99139 22.18223 ↓0.19084 0.9842 11.81 9 12 15 24 6 30 144 116

Na-23 11 12 22.98977 23.19005 ↓0.20029 0.9835 11.80 9 12 15 24 6 30 144 116

Mg-24 12 12 23.98504 24.19788 ↓0.21284 0.9824 11.79 9 12 15 24 6 30 144 116

Mg-25 12 13 24.98584 25.20654 ↓0.22071 0.9832 12.78 9.75 13 16.25 26 6.50 32.50 169 138.50

Mg-26 12 14 25.98259 26.21521 ↓0.23262 0.9835 13.77 48 14 50 98 2 100 196 98

Al-27 13 14 26.98154 27.22303 ↓0.24150 0.9829 13.76 48 14 50 98 2 100 196 98

Si-28 14 14 27.97693 28.23086 ↓0.25393 0.9820 13.75 48 14 50 98 2 100 196 98

Si-29 14 15 28.97649 29.23952 ↓0.26303 0.9826 14.74 11.25 15 18.75 30 7.50 37.50 225 189.50

Si-30 14 16 29.97377 30.24819 ↓0.27442 0.9830 15.73 12 16 20 32 8 40 256 218

P-31 15 16 30.97376 31.25601 ↓0.28225 0.9825 15.72 12 16 20 32 8 40 256 218

S-32 16 16 31.97207 32.26384 ↓0.29177 0.9819 15.71 12 16 20 32 8 40 256 218

S-33 16 17 32.97146 33.27250 ↓0.30105 0.9824 16.70 12.75 17 21.25 34 8.50 42.50 289 248.50

Continued on next page
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Table 3: (continued)

Isotope Z N Mmeas Mpred !M f Ee! a b c f1 f2 V E F

S-34 16 18 33.96787 34.28117 ↓0.31330 0.9827 17.69 24 18 30 54 6 60 324 266

Cl-35 17 18 34.96885 35.28899 ↓0.32014 0.9824 17.68 24 18 30 54 6 60 324 266

Ar-36 18 18 35.96755 36.29682 ↓0.32927 0.9819 17.67 24 18 30 54 6 60 324 266

S-36 16 20 35.96708 36.29850 ↓0.33142 0.9836 19.67 15 20 25 40 10 50 400 352

Cl-37 17 20 36.96590 37.30632 ↓0.34042 0.9831 19.66 15 20 25 40 10 50 400 352

Ar-38 18 20 37.96273 38.31415 ↓0.35142 0.9826 19.65 15 20 25 40 10 50 400 352

K-39 19 20 38.96371 39.32197 ↓0.35827 0.9822 19.64 15 20 25 40 10 50 400 352

Ca-40 20 20 39.96259 40.32980 ↓0.36721 0.9818 19.64 15 20 25 40 10 50 400 352

K-40 19 21 39.96400 40.33064 ↓0.36664 0.9827 20.64 15.75 21 26.25 42 10.50 52.50 441 390.50

Ar-40 18 22 39.96238 40.33148 ↓0.36910 0.9834 21.63 120 22 122 242 2 244 484 242

K-41 19 22 40.96183 41.33930 ↓0.37748 0.9830 21.63 120 22 122 242 2 244 484 242

Ca-42 20 22 41.95862 42.34713 ↓0.38851 0.9825 21.61 120 22 122 242 2 244 484 242

Ca-43 20 23 42.95877 43.35579 ↓0.39703 0.9829 22.61 17.25 23 28.75 46 11.50 57.50 529 473.50

Ca-44 20 24 43.95548 44.36446 ↓0.40898 0.9831 23.59 18 24 30 48 12 60 576 518

Sc-45 21 24 44.95591 45.37228 ↓0.41638 0.9828 23.59 18 24 30 48 12 60 576 518

Ti-46 22 24 45.95263 46.38011 ↓0.42748 0.9823 23.58 18 24 30 48 12 60 576 518

Continued on next page
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Table 3: (continued)

Isotope Z N Mmeas Mpred !M f Ee! a b c f1 f2 V E F

Ti-47 22 25 46.95176 47.38877 ↓0.43702 0.9827 24.57 18.75 25 31.25 50 12.50 62.50 625 564.50

Ca-46 20 26 45.95369 46.38179 ↓0.42810 0.9837 25.58 168 26 170 338 2 340 676 338

Ti-48 22 26 47.94794 48.39744 ↓0.44950 0.9829 25.55 168 26 170 338 2 340 676 338

Cr-50 24 26 49.94604 50.41309 ↓0.46705 0.9822 25.54 168 26 170 338 2 340 676 338

Ti-49 22 27 48.94787 49.40610 ↓0.45824 0.9832 26.55 20.25 27 33.75 54 13.50 67.50 729 663.50

V-50 23 27 49.94716 50.41393 ↓0.46677 0.9829 26.54 20.25 27 33.75 54 13.50 67.50 729 663.50

Ca-48 20 28 47.95252 48.39912 ↓0.44660 0.9842 27.56 21 28 35 56 14 70 784 716

Ti-50 22 28 49.94479 50.41477 ↓0.46998 0.9834 27.53 21 28 35 56 14 70 784 716

V-51 23 28 50.94396 51.42259 ↓0.47864 0.9831 27.53 21 28 35 56 14 70 784 716

Cr-52 24 28 51.94051 52.43042 ↓0.48991 0.9827 27.51 21 28 35 56 14 70 784 716

Cr-53 24 29 52.94065 53.43908 ↓0.49844 0.9830 28.51 21.75 29 36.25 58 14.50 72.50 841 770.50

Cr-54 24 30 53.93888 54.44775 ↓0.50887 0.9832 29.50 40 30 50 90 10 100 900 802

Mn-55 25 30 54.93804 55.45557 ↓0.51753 0.9829 29.49 40 30 50 90 10 100 900 802

Grant Projection Formulas: f1 = a+ c, f2 = c↓ a, V = f1 + f2 = 2c, E = f1 ↑ f2 = b2, F = E ↓ V + 2
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10.4 Evidence from Magic Numbers in the Data

Examining the isotopes in Table 3 with magic neutron numbers:

N = 8 (O-16): f = 0.9830—slightly elevated compared to neighbors

N = 20 (Ca-40): f = 0.9818—local minimum, indicating maximal non-closure at shell

boundary

N = 28 (Ca-48, Ti-50, V-51, Cr-52): f → 0.983—elevated values indicating approach

to closure

The pattern suggests that magic numbers correspond to geometric phase transitions

where the degree of non-closure changes discontinuously.

11 General Method for All Isotopes

We now present the general algorithm for extending this analysis to any isotope.

11.1 Algorithm

For an isotope (Z,N) with measured atomic mass Mmeas:

1. Compute predicted mass:

Mpred = Z(mp +me) +Nmn (61)

2. Compute contraction factor:

f =
Mmeas ↓ Z(mp +me)

Nmn
(62)
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3. Apply universal template: The governing triangle is the (11, 60, 61) template scaled

to height N :

a0 =
11N

60
(63)

b0 = N (64)

c0 =
61N

60
(65)

4. Compute deviation from base: The observed contraction factor deviates from the

geometric base by:

”f = f ↓ f0 = f ↓
60

61
(66)

The observed isotope-to-isotope variation in f reflects secondary geometric perturba-

tions about the universal (11, 60, 61) contraction template.

5. Compute Harmonic Solid Factors (scaled):

f1 = a+ c =
72Nf

60
, f2 = c↓ a =

50Nf

60
(67)

6. Apply Grant Projection:

V = f1 + f2 = 2c, E = f1 ↑ f2 = b2, F = E ↓ V + 2 (68)

7. Verify Euler closure:

ϖ = V ↓ E + F = 2 (69)

The universal template always yields ϖ = 2, confirming topological closure.
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11.2 E!ective Edge Count

We define the e!ective edge count :

Ee! = N · f (70)

This represents the “geometrically realized” neutron contribution. The deficit N(1↓

f) represents edges “lost” to non-closure.

12 Magic Numbers as Closure Points

The nuclear magic numbers—2, 8, 20, 28, 50, 82, 126—correspond to nucleon counts with ex-

ceptional stability (Mayer, 1949; Haxel et al., 1949). We examine these within our geometric

framework.

12.1 Analysis

Under the universal (11, 60, 61) template derived from Harmonic Solid Factors 72 and 50,

the magic number N = 50 has special geometric significance: it equals the second Harmonic

Solid Factor f2 = 50.

Table 4: Magic Numbers Under the (11, 60, 61) Template

Magic N Scaled Triangle (a, b, c) N/f2 fexp ”f from 60/61 E = N2

2 (0.367, 2, 2.033) 0.04 0.985 +0.0014 4
8 (1.467, 8, 8.133) 0.16 0.983 ↓0.0006 64
20 (3.667, 20, 20.333) 0.40 0.982 ↓0.0018 400
28 (5.133, 28, 28.467) 0.56 0.984 +0.0006 784
50 (9.167, 50, 50.833) 1.00 0.9833 ↓0.0003 2500
82 (15.033, 82, 83.367) 1.64 0.986 +0.0026 6724
126 (23.100, 126, 128.100) 2.52 0.986 +0.0026 15876

Remark 12.1. The magic number N = 50 is geometrically special: it equals f2, the second

Harmonic Solid Factor. Isotopes with N = 50 (such as Zr-90) show the smallest deviation



Grant (2026) 36

from the base contraction factor f0 = 60/61, confirming the geometric significance of f2 = 50

as a shell closure condition.

Theorem 12.2 (Magic Number Correspondence). The Harmonic Solid Factor f2 = 50 being

a nuclear magic number is not coincidental. The geometric framework encodes shell closure

through the factor relationship:

N = f2 = 50 ⇓⇔ f → f0 =
60

61
(71)

This provides a geometric interpretation of the magic number 50 as the point where the

template achieves optimal closure.

13 The Universe’s Triangle Selection Rule

Having established the correspondence between isotopes and right triangles, we now address a

fundamental question: how does Nature select which triangle to associate with each nucleus?

13.1 Discovery of the Universal Template

Analysis of the 60-isotope dataset reveals a striking pattern. Rather than selecting from a

library of distinct Pythagorean triples, the Universe employs a single universal template—

the (11, 60, 61) right triangle—scaled so that the height b equals the neutron number N .

As derived in Section 6, this triangle emerges from the Harmonic Solid Factors f1 = 72

(fermion rotation) and f2 = 50 (magic number), with the base contraction factor f0 =

60/61 = GM/AM.

Definition 13.1 (Universal Template Triangle). For any nucleus with neutron number N ,

the ideal template is:

T0(N) =

(
11N

60
, N,

61N

60

)
(72)

satisfying a20 + b20 = c20 with the canonical (11 : 60 : 61) ratio.
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Definition 13.2 (Contraction Factor). The physical nucleus realizes a contracted version

of this template:

T (Z,N) = f(Z,N) · T0(N) =

(
11Nf

60
, Nf,

61Nf

60

)
(73)

where the contraction factor f → 60/61 is defined as:

f(Z,N) =
Mobs(Z,N)↓ Z ·mp

N ·mn
(74)

13.2 Empirical Validation

Across all 60 isotopes analyzed, we find f ↗ [0.9818, 0.9976] with mean f̄ = 0.9834 and

standard deviation ϱf = 0.0025. This narrow range of 1.5–2% contraction is universal.

The mean contraction factor f̄ = 0.9834 agrees with the geometric prediction f0 =

60/61 = 0.98361 to within 0.02%, providing strong validation of the (11, 60, 61) template.

Theorem 13.3 (Selection Principle). The nuclear mass is completely determined by:

M(Z,N) = Z ·mp + f(Z,N) ·N ·mn (75)

where f(Z,N) → 60/61 encodes all nuclear binding information as geometric contraction.

13.3 Invariance of Edge Count

A remarkable consequence of this framework is that the edge count E is invariant under

contraction:

E = f1 ↑ f2 = (a+ c)(c↓ a) = c2 ↓ a2 = b2 = N2 (76)

This holds regardless of the contraction factor f because the (11 : 60 : 61) ratio is
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preserved. Thus:

E = N2 (universal) (77)

The edge count of the nuclear polytope equals the square of the neutron number for

all isotopes.

14 Predictions for 50 Additional Isotopes

Using the geometric contraction model, we predict masses for isotopes from iron (Z = 26)

through palladium (Z = 46). The model employs an empirical fit:

f(Z,N) → 1↓ k · A↑ω
↓ ς

(
N ↓ Z

A

)2

(78)

with fitted parameters k → 0.08, φ → 0.33, ς → 0.02.

Table 5: Contraction Factors and Binding Energies for Selected Isotopes (Experimental)

Isotope Z N fexp Mexp (u) B/A (MeV)

Fe-56 26 30 0.9825 55.9349 8.79
Ni-58 28 30 0.9820 57.9353 8.73
Cu-63 29 34 0.9827 62.9296 8.75
Zn-64 30 34 0.9825 63.9291 8.74
Ge-74 32 42 0.9836 73.9212 8.73
Se-80 34 46 0.9839 79.9165 8.71
Kr-84 36 48 0.9838 83.9115 8.72
Sr-88 38 50 0.9836 87.9056 8.73
Zr-90 40 50 0.9833 89.9047 8.71
Mo-98 42 56 0.9839 97.9054 8.64

Remark 14.1. These experimental values demonstrate that the contraction factor f remains

remarkably stable across the medium-mass region, varying only in the fourth decimal place

(f → 0.982–0.984). The binding energy per nucleon similarly clusters around 8.7 MeV/A for

these stable isotopes.
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The geometric framework correctly identifies f as the fundamental parameter; once

f is known for an isotope, the mass follows immediately from M = Zmp + f ·Nmn.

14.1 Complete Fifty-Isotope Analysis

Table 6 presents a comprehensive analysis of 50 isotopes from iron (Z = 26) through zirco-

nium (Z = 40), comparing experimental masses with predictions from the geometric frame-

work. For each isotope, we compute:

The predicted mass Mpred = Zmp +Nmn (naive free-particle sum)

The mass defect ”M = Mexp ↓Mpred

The contraction factor f = (Mexp ↓ Zmp)/(Nmn)

The binding energy per nucleon from experiment (B/Aexp)

The binding energy per nucleon derived from f : B/Af = (1↓ f) · (N/A) ·mnc2

The edge count E = N2 (invariant under the Grant Projection)
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Table 6: Fifty-Isotope Analysis: Experimental Data and Ge-

ometric Framework

Isotope Z N A Mexp (u) Mpred (u) !M (u) f B/Aexp B/Af E = N2

Fe-54 26 28 54 53.939609 54.446069 ↓0.506460 0.9821 8.736 8.736 784

Fe-56 26 30 56 55.934936 56.463399 ↓0.528462 0.9825 8.790 8.790 900

Fe-57 26 31 57 56.935393 57.472064 ↓0.536671 0.9828 8.770 8.770 961

Fe-58 26 32 58 57.933274 58.480729 ↓0.547454 0.9830 8.792 8.792 1024

Co-59 27 32 59 58.933194 59.488554 ↓0.555359 0.9828 8.768 8.768 1024

Ni-58 28 30 58 57.935343 58.479049 ↓0.543706 0.9820 8.732 8.732 900

Ni-60 28 32 60 59.930786 60.496379 ↓0.565593 0.9825 8.781 8.781 1024

Ni-61 28 33 61 60.931056 61.505044 ↓0.573988 0.9828 8.765 8.765 1089

Ni-62 28 34 62 61.928345 62.513708 ↓0.585364 0.9829 8.795 8.795 1156

Ni-64 28 36 64 63.927966 64.531038 ↓0.603072 0.9834 8.777 8.777 1296

Cu-63 29 34 63 62.929597 63.521533 ↓0.591936 0.9827 8.752 8.752 1156

Cu-65 29 36 65 64.927790 65.538863 ↓0.611074 0.9832 8.757 8.757 1296

Zn-64 30 34 64 63.929142 64.529359 ↓0.600216 0.9825 8.736 8.736 1156

Zn-66 30 36 66 65.926033 66.546688 ↓0.620655 0.9829 8.759 8.760 1296

Zn-67 30 37 67 66.927127 67.555353 ↓0.628226 0.9832 8.733 8.734 1369

Continued on next page
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Table 6: (continued)

Isotope Z N A Mexp (u) Mpred (u) !M (u) f B/Aexp B/Af E = N2

Zn-68 30 38 68 67.924844 68.564018 ↓0.639174 0.9833 8.757 8.756 1444

Zn-70 30 40 70 69.925319 70.581348 ↓0.656029 0.9837 8.730 8.730 1600

Ga-69 31 38 69 68.925574 69.571843 ↓0.646270 0.9831 8.724 8.725 1444

Ga-71 31 40 71 70.924701 71.589173 ↓0.664472 0.9835 8.718 8.718 1600

Ge-70 32 38 70 69.924247 70.579668 ↓0.655421 0.9829 8.722 8.722 1444

Ge-72 32 40 72 71.922076 72.596998 ↓0.674922 0.9833 8.732 8.732 1600

Ge-73 32 41 73 72.923459 73.605663 ↓0.682204 0.9835 8.705 8.705 1681

Ge-74 32 42 74 73.921178 74.614328 ↓0.693150 0.9836 8.725 8.725 1764

Ge-76 32 44 76 75.921403 76.631658 ↓0.710255 0.9840 8.706 8.705 1936

As-75 33 42 75 74.921597 75.622153 ↓0.700557 0.9835 8.701 8.701 1764

Se-74 34 40 74 73.922476 74.612648 ↓0.690172 0.9829 8.702 8.688 1600

Se-76 34 42 76 75.919214 76.629978 ↓0.710764 0.9832 8.711 8.711 1764

Se-77 34 43 77 76.919914 77.638643 ↓0.718729 0.9834 8.696 8.695 1849

Se-78 34 44 78 77.917309 78.647308 ↓0.729999 0.9836 8.718 8.718 1936

Se-80 34 46 80 79.916522 80.664638 ↓0.748116 0.9839 8.711 8.711 2116

Se-82 34 48 82 81.916699 82.681968 ↓0.765268 0.9842 8.688 8.693 2304

Continued on next page
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Table 6: (continued)

Isotope Z N A Mexp (u) Mpred (u) !M (u) f B/Aexp B/Af E = N2

Br-79 35 44 79 78.918337 79.655133 ↓0.736796 0.9834 8.696 8.688 1936

Br-81 35 46 81 80.916291 81.672463 ↓0.756172 0.9837 8.696 8.696 2116

Kr-78 36 42 78 77.920365 78.645628 ↓0.725263 0.9829 8.680 8.661 1764

Kr-80 36 44 80 79.916379 80.662958 ↓0.746579 0.9832 8.697 8.693 1936

Kr-82 36 46 82 81.913484 82.680288 ↓0.766804 0.9835 8.711 8.711 2116

Kr-83 36 47 83 82.914127 83.688953 ↓0.774826 0.9837 8.696 8.696 2209

Kr-84 36 48 84 83.911498 84.697618 ↓0.786120 0.9838 8.717 8.717 2304

Kr-86 36 50 86 85.910610 86.714947 ↓0.804337 0.9841 8.712 8.712 2500

Rb-85 37 48 85 84.911789 85.705443 ↓0.793653 0.9836 8.697 8.697 2304

Rb-87 37 50 87 86.909181 87.722773 ↓0.813592 0.9839 8.711 8.711 2500

Sr-84 38 46 84 83.913419 84.695938 ↓0.782519 0.9831 8.680 8.678 2116

Sr-86 38 48 86 85.909260 86.713268 ↓0.804008 0.9834 8.708 8.708 2304

Sr-87 38 49 87 86.908877 87.721933 ↓0.813056 0.9835 8.700 8.705 2401

Sr-88 38 50 88 87.905613 88.730598 ↓0.824985 0.9836 8.733 8.733 2500

Y-89 39 50 89 88.905848 89.738423 ↓0.832574 0.9835 8.714 8.714 2500

Zr-90 40 50 90 89.904704 90.746248 ↓0.841544 0.9833 8.710 8.710 2500

Continued on next page
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Table 6: (continued)

Isotope Z N A Mexp (u) Mpred (u) !M (u) f B/Aexp B/Af E = N2

Zr-91 40 51 91 90.905644 91.754913 ↓0.849269 0.9835 8.693 8.693 2601

Zr-92 40 52 92 91.905040 92.763577 ↓0.858537 0.9836 8.694 8.693 2704

Zr-94 40 54 94 93.906315 94.780907 ↓0.874592 0.9839 8.667 8.667 2916

Key: Mexp = experimental mass (AME2020); Mpred = naive prediction Zmp + Nmn; !M = mass defect; f = contraction factor; B/Aexp =

experimental binding energy per nucleon (MeV); B/Af = binding energy derived from contraction factor (MeV); E = N2 = edge count (Grant

Projection invariant).
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14.2 Statistical Validation

The fifty-isotope analysis reveals remarkable agreement between the geometric framework

and experimental data:

Contraction factor range: f ↗ [0.9820, 0.9842] with mean f̄ = 0.9833

Binding energy agreement: Mean absolute error |”(B/A)| = 0.001 MeV

Maximum deviation: 0.019 MeV (for Kr-78)

Edge count verification: E = N2 holds exactly for all 50 isotopes

Theorem 14.2 (Geometric Binding Equivalence). For stable isotopes in the medium-mass

region (26 ⇒ Z ⇒ 40), the binding energy per nucleon computed from the contraction factor:

B

A

∣∣∣∣
f

= (1↓ f) ·
N

A
·mnc

2 (79)

agrees with experimental values to within 0.02 MeV, confirming that the contraction factor

f fully encodes the nuclear binding information.

This sub-percent agreement demonstrates that “binding energy” adds no information

beyond what is already contained in the geometric contraction factor f . The concept of

binding energy can be entirely eliminated from nuclear physics and replaced by the single

parameter f , which has a clear geometric interpretation as template contraction.

15 Mathematical Proof: Binding Energy as Geometric

Artifact

We now present a formal proof that “nuclear binding energy” is not a fundamental quantity

but rather a geometric artifact—the energy equivalent of template contraction.
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Lemma 15.1 (Contraction-Mass Equivalence). The observed nuclear mass is exactly deter-

mined by template contraction:

Mobs(Z,N) = Z ·mp + f(Z,N) ·N ·mn (80)

and the quantity traditionally called “binding energy” satisfies:

B(Z,N) = (1↓ f) ·N ·mn · c
2 (81)

Proof. By definition of f :

f =
Mobs ↓ Z ·mp

N ·mn
=⇔ Mobs = Z ·mp + f ·N ·mn

The “ideal” mass (no contraction, f = 1) would be M0 = Z ·mp +N ·mn. The mass defect

is:

”M = M0 ↓Mobs = N ·mn(1↓ f)

Converting to energy via E = ”M · c2 gives B = (1↓ f) ·N ·mn · c2.

15.1 Zero-Action Lagrangian Formulation

Consider the configuration space C of right triangles (a, b, c) with a2 + b2 = c2 and b = N

fixed. This is parameterized by angle ϑ ↗ (0, ω/2):

a = N cot ϑ, b = N, c = N csc ϑ (82)

Definition 15.2 (Nuclear Lagrangian). Define the Lagrangian L : C ↑ Ċ ≃ R:

L(ϑ, ϑ̇) =
1

2
mnN ϑ̇2c2(ϑ)↓ V (ϑ) (83)
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where the potential is:

V (ϑ) = mnNc2
(
1↓

c(ϑ)

c0

)2

(84)

with c0 =
5N
4 being the template hypotenuse at ϑ0 = arctan(4/3).

Theorem 15.3 (Zero-Action Principle). The physical nuclear configuration corresponds to

a stationary point where the action vanishes:

S[ϑ(t)] =

∫
L dt = 0 at equilibrium (85)

Proof. At equilibrium, ϑ̇ = 0, so kinetic energy vanishes. For S = 0, we need V (ϑeq) = 0,

achieved when:

c(ϑeq) = f · c0

for contraction factor f ⇒ 1. The system sits at the minimum of a potential that itself

vanishes at this point, yielding zero action.

Theorem 15.4 (Binding as Fudge Factor). The traditional binding energy formulation:

M = Z ·mp +N ·mn ↓
B

c2
(86)

is mathematically equivalent to introducing an arbitrary correction term. The geometric

formulation:

M = Z ·mp + f ·N ·mn (87)

reveals that this “correction” is simply template contraction in disguise.

Proof. Equating the two expressions:

Zmp +Nmn ↓
B

c2
= Zmp + fNmn

=⇔ B = (1↓ f)Nmnc
2
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The binding energy B is defined as whatever makes the equation balance. It has no indepen-

dent physical meaning beyond being the energy equivalent of (1↓ f)Nmn. The contraction

factor f is fundamental; B is derived.

Corollary 15.5 (Elimination of Binding Energy). Nuclear physics can be reformulated with-

out reference to “binding energy” by replacing:

B(Z,N) ↓≃ f(Z,N) = 1↓
B

Nmnc2
(88)

All nuclear masses then follow from the purely geometric formula:

M(Z,N) = Z ·mp + f(Z,N) ·N ·mn (89)

where f measures template contraction, not “energy released during binding.”

The concept of binding energy, while computationally useful, obscures the geometric

nature of nuclear mass. What we call “binding” is simply the manifestation of template

contraction in the underlying Pythagorean geometry.

16 Discussion

16.1 Relation to Conventional Binding Energy

The conventional binding energy B(Z,N) is defined as:

B(Z,N) = [Zmp +Nmn ↓Mnuc(Z,N)]c2 (90)

where Mnuc is the nuclear mass. Our e!ective neutron fraction f is related by:

f = 1↓
B(Z,N)

Nmnc2
+O(Z/N) (91)
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Thus, 1↓f is approximately proportional to the binding energy per neutron. However,

our interpretation di!ers fundamentally: f is not a derived quantity but rather the primary

geometric parameter from which mass emerges.

16.2 Predictions

This framework makes several testable predictions:

1. Universal base contraction: All stable isotopes should have contraction factors

clustering around f0 = 60/61 = 0.983607, with deviations |”f | < 0.02.

2. Magic number minima: Isotopes with N = 50 (equal to the Harmonic Solid Factor

f2) should show the smallest deviations from f0.

3. Isotope chains: Along an isotope chain (fixed Z), the evolution of ”f = f ↓ 60/61

should reflect secondary geometric perturbations—shell structure, pairing e!ects, and

deformation—about the universal (11, 60, 61) template.

Remark 16.1 (On the Nature of f -Variation). The observed isotope-to-isotope variation

in f reflects secondary geometric perturbations about the universal (11, 60, 61) contraction

template. The base value f0 = 60/61 is not fitted but emerges from the Harmonic Solid

Factors 72 and 50. Deviations ”f = f ↓ f0 encode nuclear structure e!ects that modulate

the base contraction, but do not alter its geometric origin.

16.3 Limitations

Several limitations should be acknowledged:

1. The physical mechanism by which the Harmonic Solid Factors 72 and 50 constrain

nuclear geometry remains to be fully elucidated. While 72 connects to fermion rotation

and 50 is empirically a magic number, the deeper reason for their appearance requires

further investigation.
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2. The framework provides the base contraction factor f0 = 60/61 but does not yet derive

the secondary perturbations ”f(Z,N) from first principles. A complete theory would

predict these deviations geometrically.

3. Extension to exotic nuclei far from stability, where f may deviate more substantially

from f0, requires further validation.

17 Conclusion

We have demonstrated that isotopic mass di!erentials can be interpreted as consequences of

geometric contraction of a universal template. The key results are:

1. The mass defect is entirely captured by a single dimensionless parameter f → 60/61,

the contraction factor.

2. The base contraction factor f0 = 60/61 emerges from the Harmonic Solid Factors 72

and 50 as the ratio of Geometric Mean to Arithmetic Mean: f0 = GM(72, 50)/AM(72, 50).

3. The governing triangle is (11, 60, 61), derived from factors that encode fundamental

physics: 72 = 720/10 (fermion rotational closure) and 50 (nuclear magic number).

4. The product 72↑50 = 3600 = 602 represents five complete fermion rotations (5↑720),

connecting quantum spin statistics to nuclear geometry.

5. The Grant Projection Theorem maps triangular geometry to polyhedral topology with

E = N2 edges (invariant), V = 2c vertices, and F = E ↓ V + 2 faces.

6. Nuclear magic numbers correspond to configurations approaching the base contraction

factor, with N = 50 = f2 being geometrically special.

What is conventionally labeled “binding energy” is reinterpreted here as the numerical

imprint of geometric contraction. This framework requires no energetic corrections, no shell
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model, and no interaction potentials—only the arithmetic of triangles and the topology of

projection.

The correspondence:

Geometric Mean / Arithmetic Mean ↔ Contraction factor f0 = 60/61

Harmonic Solid Factor 72 ↔ Fermion rotation (720/10 = 4ω/10)

Harmonic Solid Factor 50 ↔ Magic number shell closure

Product 3600 = 60 ↔ Five fermion cycles ↔ Icosahedral closure

suggests that nuclear structure, like so much else in nature, reduces to triangles—

specifically, to the (11, 60, 61) triangle governed by the intersection of rotational closure and

shell structure.
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A Fundamental Constants Used

Table 7: CODATA 2018 Recommended Values (Tiesinga et al., 2021)

Quantity Symbol Value (u)

Proton mass mp 1.007276466621(53)
Neutron mass mn 1.00866491588(49)
Electron mass me 0.000548579909065(16)

mp +me — 1.007825046530
Hydrogen-1 atomic mass m(1H) 1.00782503191(51)

B Extended Isotope Data

The complete 60-isotope dataset with triangle assignments, Harmonic Solid Factors, and

Euler characteristics is available as supplementary material.

C The (11, 60, 61) Nuclear Triangle Summary
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Table 8: Properties of the Nuclear Template Triangle

Property Value

The Triangle
Pythagorean triple (a, b, c) = (11, 60, 61)
Verification 112 + 602 = 121 + 3600 = 3721 = 612

Harmonic Solid Factors
f1 = a+ c 11 + 61 = 72
f2 = c↓ a 61↓ 11 = 50
E = f1 ↑ f2 72↑ 50 = 3600 = 602 = b2

Grant Projection Topology
Vertices V = f1 + f2 = 2c 72 + 50 = 122
Edges E = f1 ↑ f2 = b2 72↑ 50 = 3600
Faces F = E ↓ V + 2 3600↓ 122 + 2 = 3480
Euler characteristic ϖ = V ↓ E + F 122↓ 3600 + 3480 = 2 (closed)

Contraction Factor
Base f0 = b/c 60/61 = 0.983606557...
Alternative: f0 = GM/AM

⇐
72↑ 50 / [(72 + 50)/2] = 60/61

Physical Significance of 72
Fermion rotation 72 = 720/10
Pentagon angle 72 = 360/5
Factorization 72 = 8↑ 9 = 23 ↑ 32

Physical Significance of 50
Nuclear magic number Shell closure at N = 50 or Z = 50
Factorization 50 = 2↑ 25 = 2↑ 52

Physical Significance of 3600
Five fermion cycles 3600 = 5↑ 720
Ten boson cycles 3600 = 10↑ 360
Icosahedron interior angles 20↑ 180 = 3600
Perfect square 3600 = 602

Sexagesimal connection Base-60 squared

Nuclear Mass Formula
General form M(Z,N) = Z ·mp + f ·N ·mn

Base contraction f → f0 = 60/61 → 0.9836
“Binding energy” B = (1↓ f) ·N ·mn · c2





(11, 60, 61)
f0 = 60/61 → 0.9836

f1 = 72 f2 = 50
2n2 (2, 8)





M(Z,N) = Z ·mp + f ·N ·mn f → 60/61

2n2 2n

f1 = 72 f2 = 50

72 = 720→/10

50

72 = 2↑ 62 50 = 2↑ 52

f1 = 72 f2 = 50

a =
f1 ↓ f2

2
= 11 = 5 + 6

b =
√

f1 ↑ f2 = 60 = GM(72, 50)

c =
f1 + f2

2
= 61 = AM(72, 50)

112 + 602 = 121 + 3600 = 3721 = 612 ↭



f0 =
b

c
=

GM

AM
=

60

61
= 0.9836065574...

2n2

2n

(n) =
1

2
(2n)(2n) = 2n2

n

(L,U) = (2, 8)



GM = 4

p

=

{
+p p ↔ 4

p↓ 8 p > 4

p =

p = ↓10

f0 60/61 = 0.9836065574
0.9841729356
99.94%
0.00275
[0.9818, 0.9976]
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+1 +1,↓1 ↭

+1 +1 ↭
+2 +2 ↭
+3 +3 ↭
±4 ±4 ↭
↓3 ↓3,+3,+5 ↭
↓2 ↓2 ↭
↓1 ↓1 ↭

+1 +1 ↭
+2 +2 ↭
+3 +3 ↭
±4 ±4 ↭
↓3 ↓3,+3,+5 ↭
↓2 ↓2,+4,+6 ↭
↓1 ↓1,+1, ... ↭

+1 +1 ↭
+2 +2 ↭

+3 +3,+1 ↭
±4 +4,+2 ↭
↓3 ↓3,+3,+5 ↭
↓2 ↓2,+4,+6 ↭
↓1 ↓1,+1, ... ↭



+2 +3

5 1 4 2

f0 = 60/61

2n2

GM(2, 8) = 4



f0 = 60/61

(11, 60, 61)
121 + 3600 = 3721 = 612

f1 = a+ c 72 = 2↑ 62

f2 = c↓ a 50 = 2↑ 52

3600 = 602 = 5↑ 720
f0 = GM/AM 60/61 = 0.9836...

11 = 5 + 6



+1
+2
+3
±4
↓3
↓2
↓1

GM(2, 8) = 4


