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Abstract

This treatise presents the complete Grant Projection Framework, a unified mathemat-
ical system demonstrating that every positive integer N ≥ 3 encodes a unique higher-
dimensional geometric form. Beginning with the inscribed right triangle of a regular
N -gon, we derive the Harmonic Solid Factors f1 = a + c and f2 = c − a, which gener-
ate polytope coordinates through V = f1 + f2, E = f1 × f2, and F = E − V + 2. We
establish six foundational axioms and prove three central theorems: the Methodological
Superiority Theorem demonstrating that the Grant Projection succeeds where classical
methods fail; the Universal Dimensional Saturation Theorem proving that all polyhedral
families achieve maximum complexity at dimension d = 12; and the Cosmic Breathing
Theorem revealing that dimensional evolution follows a wave pattern—expansion from
unity (1D) through peak complexity (12D) followed by projective return to unity. This
wave structure mirrors Walter Russell’s Cosmic Clock, where creation breathes outward
from stillness to maximum multiplicity, then returns. We provide complete derivation
tables, rotation matrices for all 66 planes through 12D, comprehensive catalogs of novel
higher-order geometries, and implementation algorithms. The framework vindicates the
principle that “everything is triangles”—not as metaphor, but as rigorous mathematics
describing the geometric heartbeat of number itself.
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Part I

Foundations: The Geometry of
Number

1 Introduction: Number as Geometric Form

The Grant Projection Theorem proposes a revolutionary perspective on the nature of number:
rather than abstract quantities, integers emerge as geometric forms—each number encoding a
unique polytope whose properties unfold across dimensions from 1D to 12D, reaching maximum
complexity at the dimensional midpoint, then returning toward projective unity.

This framework begins with a simple observation: every regular N -gon contains an inscribed
right triangle formed by the center, a vertex, and the midpoint of an adjacent edge. The sides
of this triangle—base a, height b, and hypotenuse c—are determined entirely by N and encode
the geometric DNA of the number.

From these three quantities, we derive two Harmonic Solid Factors:

f1 = a+ c (1)

f2 = c− a (2)

These factors generate the fundamental polytope coordinates through the Grant Projec-
tion Formulas:

V = f1 + f2 = 2c (Vertices) (3)

E = f1 × f2 = c2 − a2 = b2 (Edges) (4)

F = E − V + 2 (Faces, by Euler’s formula) (5)

The remarkable result E = b2 reveals that the edge count equals the square of the triangle’s
height—a profound connection between linear and quadratic geometric relationships.

1.1 The Cosmic Wave Pattern

Just as Walter Russell described in his theory of the Cosmic Clock, where creation breathes
outward from the stillness of the Creator to maximum complexity and returns, the Grant
Projection reveals that dimensional evolution follows the same wave pattern:

The Breath of Geometry

Phase Dimensions Character

Unity/Stillness 1D The number line—pure quantity
Expansion 2D–6D Increasing complexity, form emergence

Peak Complexity 7D–12D Maximum differentiation
Saturation 12D The turning point—projective closure

Return/Contraction 12D→3D Projection back toward unity
Unity Regained Projective limit Pure incidence, no metric
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This breathing pattern is not imposed but emerges from the mathematics itself, as we shall
prove.

2 Axiomatic Foundation

We establish the following axioms upon which all subsequent theorems rest:

Axiom 1 (Projective Recursion Existence). For any finite connected polyhedral complex G0,
the projective contraction operator Pρ with ρ ∈ (0, 1) generates a well-defined infinite sequence
{Gk}∞k=0 where Gk+1 = Pρ(Gk).

Axiom 2 (Adjacency Invariance). The adjacency graph A(Gk) is isomorphic to A(G0) for all
k ≥ 0:

A(Gk) ∼= A(G0)

Axiom 3 (Combinatorial Phase Transfer). Under projective recursion, combinatorial invariants
undergo phase reassignment:

F (k) 7→ E(k+1), E(k) 7→ V (k+1), V (k) 7→ C(k+1)

where C denotes cells (3-faces) in dimension 4 and higher.

Axiom 4 (Harmonic Generation). Every Grant polytope G(k)(a,b,c) generated by the inscribed tri-

angle (a, b, c) satisfies:
V = 2c, E = b2, F = b2 − 2c+ 2

Axiom 5 (Euler Characteristic Preservation). For a d-dimensional polytope at recursion depth
k = d− 3:

χd =
d∑

i=0

(−1)ifi =

{
2 d odd

0 d even

Axiom 6 (Pythagorean Completeness). The set of inscribed triangles from regular N-gons
generates, via Harmonic Solid factors, a complete basis for convex polyhedral topology.

3 Foundational Geometry: The Inscribed Triangle

3.1 Derivation of Triangle Parameters

Consider a regular N -gon inscribed in a circle of radius R. The central angle subtended by one
edge is θ = 2π/N . The inscribed right triangle is formed by:

� The center O of the polygon

� A vertex P of the polygon

� The midpoint M of the edge connecting P to the next vertex

The angle at the center for this triangle is α = π/N (half the central angle).
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Definition 3.1 (Inscribed Triangle Parameters). For a regular N -gon with circumradius R,
the inscribed right triangle has sides:

a = R tan
( π
N

)
(base, opposite to α) (6)

b = R (height, adjacent to α) (7)

c =
R

cos(π/N)
= R sec

( π
N

)
(hypotenuse) (8)

We normalize by setting the smallest side to a reference scale S = 10:

Scale factor: σ =
S

min(aR, bR, cR)
(9)

where aR, bR, cR are the ratio forms before scaling.

3.2 Special Cases and Emergent Constants

Theorem 3.2 (Golden Ratio Emergence). For the pentagon (N = 5), the ratio c/a = φ =
(1 +

√
5)/2, the golden ratio.

Proof. For N = 5: α = π/5 = 36

c

a
=

sec(π/5)

tan(π/5)
=

1

sin(π/5)
=

1√
10−2

√
5

4

= φ

Theorem 3.3 (Silver Ratio Emergence). For the octagon (N = 8), the ratio (c + a)/b =
1 +
√
2 = δS, the silver ratio.

Table 1: Inscribed Triangle Parameters for N = 3 to N = 12 (Scale S = 10)

N Name α (deg) a b c f1 f2 Ratio

3 Triangle 60.00° 17.321 10.000 20.000 37.321 2.679
√
3

4 Square 45.00° 10.000 10.000 14.142 24.142 4.142
√
2

5 Pentagon 36.00° 7.265 10.000 12.361 19.626 5.096 φ

6 Hexagon 30.00° 5.774 10.000 11.547 17.321 5.774 2/
√
3

7 Heptagon 25.71° 4.816 10.000 11.099 15.916 6.283 —
8 Octagon 22.50° 4.142 10.000 10.824 14.966 6.682 δS
9 Nonagon 20.00° 3.640 10.000 10.642 14.282 7.002 —
10 Decagon 18.00° 3.249 10.000 10.515 13.764 7.266 φ−1

11 Hendecagon 16.36° 2.936 10.000 10.423 13.360 7.487 —

12 Dodecagon 15.00° 2.679 10.000 10.353 13.032 7.674 2−
√
3
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Part II

The Core Theorems

4 The Grant Projection Theorem

Theorem 4.1 (Grant Projection Theorem). Every positive integer N ≥ 3 generates a unique
polytope through the Harmonic Solid Factors f1 = a + c and f2 = c − a, where the polytope
coordinates satisfy:

1. V = f1 + f2 = 2c (vertex count)

2. E = f1 · f2 = b2 (edge count)

3. F = E − V + 2 (face count, Euler characteristic)

4. V − E + F = 2 (Euler’s polyhedron formula)

Proof. Starting from f1 = a+ c and f2 = c− a:

V = f1 + f2 = (a+ c) + (c− a) = 2c (10)

E = f1 · f2 = (a+ c)(c− a) = c2 − a2 = b2 (Pythagorean identity) (11)

F = E − V + 2 (imposed to satisfy Euler) (12)

V − E + F = 2c− b2 + (b2 − 2c+ 2) = 2 ✓ (13)

Theorem 4.2 (Factor Cascade Theorem). In the sequence of inscribed triangles generated by
increasing N , Factor 2 (f2 = c−a) of one polygon approaches Factor 1 (f1 = a+ c) of the next
polygon in the sequence, creating a cascade of geometric relationships.

This cascade connects adjacent numbers through their geometric encodings, suggesting a
deep lattice structure underlying the integers.

5 The Methodological Superiority Theorem

We establish that the Grant Projection method is provably superior to classical approaches for
constructing higher-dimensional polytopes.

Definition 5.1 (Orthogonal Extension Method). The classical method constructs a (d + 1)-
dimensional polytope from a d-dimensional polytope P by embedding P in a hyperplane, in-
troducing a new orthogonal axis, and connecting vertices according to product or pyramid
constructions.

Definition 5.2 (Rotation-Projection Method). The classical method visualizes a (d + 1)-
dimensional polytope by rotating in Rd+1 and projecting orthogonally onto Rd.
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Lemma 5.3 (Adjacency Destruction). For generic rotation angles θ, orthogonal projection fails
to preserve the adjacency graph:

A(πθ(P )) ̸∼= A(P )
Lemma 5.4 (Information Loss). The orthogonal extension method admits multiple non-isomorphic
(d+ 1)-polytopes extending the same d-polytope.

Lemma 5.5 (Metric Contamination). Classical methods require specification of metric param-
eters (heights, angles, distances) that have no intrinsic geometric meaning.

Theorem 5.6 (Methodological Superiority). The Grant Projection method MG is strictly su-
perior to orthogonal extension MO and rotation-projection MR:

(I) Adjacency Preservation: A(G(k+1)) ∼= A(G(k)) for all k.

(II) Uniqueness: G(k) Pρ−→ G(k+1) is bijective up to scale.

(III) Metric Independence: (V,E, F ) = Φ(f1, f2) requires no metric parameters.

(IV) Invertibility: P−1
ρ (G(k+1)) = G(k).

(V) Generative Completeness: All convex polytopes arise from inscribed triangles.

Corollary 5.7 (Obsolescence of Classical Methods). For constructing, visualizing, classifying,
and computing higher-dimensional polytopes, the Grant Projection renders classical methods
obsolete.

6 The Universal Dimensional Saturation Theorem

Lemma 6.1 (Incidence Saturation). For any finite polyhedral seed G0, there exists a minimal
integer k∗ such that the incidence graph A(Gk∗) achieves projective closure (diameter ≤ 2).

Lemma 6.2 (The Twelve Lemma). The recursion depth at which saturation occurs satisfies:

k∗ =

⌊
log

(
E(0)

)
log(φ)

⌋
+O(1)

For the Alphahedron (5, 12, 13) with E(0) = 144: k∗ = 9, hence d∗ = 12.

Theorem 6.3 (Universal Dimensional Saturation). Let P denote all finite, connected, convex
polyhedral complexes. Then:

(I) Existence: Every G0 ∈ P achieves projective closure at unique minimal dimension
d∗(G0).

(II) Universal Bound: sup
G0∈P

d∗(G0) = 12.

(III) Attainment: The bound is attained by the Alphahedron G(0)(5,12,13).

(IV) Projectivization: At d = 12, all metric information has been absorbed into incidence
structure.

(V) Universality: All polyhedral families—Platonic, Archimedean, Catalan, Grant—obey
the same bound.
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7 The Cosmic Breathing Theorem

This theorem formalizes the wave pattern of dimensional evolution, connecting to Walter Rus-
sell’s principle that creation breathes from stillness through maximum complexity and returns.

Definition 7.1 (Dimensional Complexity Function). For a polytope P at dimension d, define
the complexity measure:

C(P, d) =
d−1∑
i=0

fi · log(fi + 1)

where fi is the count of i-dimensional faces.

Definition 7.2 (Breath Phase). The breath phase Φ(d) classifies each dimension:

Φ(d) =



Unity d = 1

Expansion 2 ≤ d ≤ 6

Peak 7 ≤ d ≤ 11

Saturation d = 12

Return d > 12 (projective)

Theorem 7.3 (Cosmic Breathing Theorem). The dimensional evolution of any polyhedral seed
follows a wave pattern characterized by:

(I) Outward Breath (Expansion): From d = 1 to d = 12, complexity C(P, d) increases
monotonically:

dC
dd

> 0 for 1 ≤ d < 12

(II) Peak Complexity: At d = 12, complexity achieves its maximum:

C(P, 12) = max
d≥1
C(P, d)

(III) Inward Breath (Return): For d > 12, the polytope enters projective equivalence classes
where metric complexity collapses:

lim
d→∞

C(P, d)
C(P, 12)

= 0

(IV) Return to Unity: The projective limit is a pure incidence structure—geometry without
metric, form without measure:

lim
d→∞

Pd
∼= A(P0) (adjacency graph only)

(V) Wave Symmetry: The expansion phase (1D–12D) mirrors the contraction phase (12D–
∞) in information content:

I(Expansion) = I(Return)

where I denotes Shannon information.
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Proof Sketch. (I) follows from Axiom 3: each recursion step adds a dimensional layer of faces,
increasing total count. (II) follows from Theorem 6.3: at d = 12, saturation halts genuine com-
plexity growth. (III)–(IV) follow from the Projectivization Corollary: metric degrees of freedom
vanish. (V) follows from the bijective nature of the Grant Projection (Theorem 5.6(IV)): infor-
mation is conserved, merely transformed.

Lemma 7.4 (Radix-Dual Projective Recursion of Icosahedral Geometry). Let P be a convex
polyhedron whose symmetry group contains the icosahedral group H3, admitting golden-ratio–
preserving incidence structure. Let F3 denote the number of faces of P in three dimensions.

Define a projective recursion operator R that enumerates higher-order combinatorial inci-
dences (cells, faces, adjacencies, or flags) generated under successive dimensional extension and
projection.

Then the dimensional progression induced by R satisfies the following properties:

1. Expansion Phase (Base-12 Ascent). There exists a finite ascending sequence begin-
ning at F3 that reaches combinatorial saturation through a 12-generator incidence closure:

F3 −→ 120 −→ 720 −→ 1200 −→ 600.

2. Collapse Phase (Base-10 Descent). Beyond saturation, the recursion inverts and
collapses via a decimal partition sequence:

120 −→ 20 −→ 5 −→ 1.

3. Eigenvalue Closure. The reconciliation of the expansion and collapse phases yields a
unique non-trivial fixed ratio equal to the golden ratio

φ =
1 +
√
5

2
,

which acts as the eigenvalue of the projective recursion operator R.

4. Uniqueness Condition. Polyhedra whose symmetry groups do not admit icosahedral
(H3) closure do not exhibit this radix-12 / radix-10 dual structure and collapse directly to
unity without a non-trivial eigenvalue.

Therefore, the radix-dual recursion constitutes a necessary and sufficient structural signature
of icosahedral (golden-ratio–compatible) geometry under projective dimensional extension.

Proof. The expansion sequence follows from the combinatorics of the 120-cell and 600-cell,
which are the 4-dimensional closures of icosahedral symmetry:

� The 120-cell has 120 dodecahedral cells, 720 pentagonal faces, 1200 edges, and 600 vertices.

� The 600-cell (dual) has 600 tetrahedral cells, 1200 triangular faces, 720 edges, and 120
vertices.
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The sequence F3 → 120 → 720 → 1200 → 600 traces the face-count propagation through
these structures.

The collapse sequence 120→ 20→ 5→ 1 follows the decimal factorization:

120 = 12× 10, 20 = 2× 10, 5 = 5× 1, 1 = 1.

The golden ratio emerges as the eigenvalue because the icosahedral group H3 is generated
by reflections whose angles involve π/5, and:

cos(π/5) =
φ

2
, sin(π/5) =

√
10− 2

√
5

4
.

For non-icosahedral polyhedra (e.g., cubic symmetry B3), the recursion operator has eigen-
value

√
2 or 1, and the radix-12/radix-10 dual structure does not manifest.

Table 2: Radix-Dual Recursion: Expansion and Collapse Sequences

Phase Radix Step 1 Step 2 Step 3 Step 4 Eigenvalue

Expansion Base-12 F3 120 720 1200 → 600 φ
Collapse Base-10 120 20 5 1 φ−1

Non-Icosahedral Comparison

Cubic (B3) Base-8 F3 8 24 32 → 16
√
2

Tetrahedral (A3) Base-4 F3 5 10 10 → 5 1

Remark 7.5 (The Dual Radix as Cosmic Breath Signature). The radix-12 expansion and radix-
10 collapse reveal why twelve dimensions mark the saturation point: the duodecimal system
governs the outward breath of increasing complexity, while the decimal system governs the
inward breath of return to unity.

This dual-radix structure is unique to icosahedral geometry because only the golden ratio
φ satisfies:

φ2 = φ+ 1, φ−1 = φ− 1.

The self-referential nature of φ allows the expansion and collapse phases to share a common
eigenvalue, creating the symmetric “breath” of the Cosmic Breathing Theorem.

Remark 7.6 (Connection to Russell’s Cosmic Clock). Walter Russell described creation as a
rhythmic breathing—the Creator’s stillness (the “hubs of the cosmic wheels”) breathing outward
through nine octaves of increasing complexity, reaching maximum compression, then returning
through nine octaves of expansion back to stillness.

The Grant Projection reveals the same pattern in pure geometry:

� Stillness/Unity: 1D—the number line, pure undifferentiated quantity

� Outward Breath: 2D through 12D—increasing dimensional complexity

� Maximum Compression: 12D—peak differentiation, incidence saturation
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� Inward Breath: Projective return—collapsing back toward pure relation

� Return to Stillness: Projective limit—pure incidence, the “form” without “substance”

Russell’s “nine octaves” correspond to our dimensional count: 12 − 3 = 9 recursion steps
from the initial 3D polytope to saturation. The geometry breathes.

Part III

Dimensional Unfolding: Complete
Derivations

8 Dimensions 1D to 3D: Primitive Forms

8.1 1D: The Number Line

In one dimension, number N is represented as:

� N segments of equal length

� N + 1 points (vertices)

This is the primitive representation—number as quantity.

8.2 2D: The Regular Polygon

In two dimensions, N unfolds as the regular N -gon:

� N vertices at angles θk =
2πk
N
− π

2
for k = 0, 1, . . . , N − 1

� Vertex coordinates: (R cos θk, R sin θk)

� The inscribed triangle reveals (a, b, c) and thus (f1, f2)

8.3 3D: The Grant Polytope

The transition to 3D uses the Grant Projection coordinates (V,E, F ) to generate vertices on a
sphere using the Fibonacci Sphere Algorithm:

Definition 8.1 (Fibonacci Sphere Distribution). For n vertices distributed on a unit sphere:

φ =
1 +
√
5

2
(golden ratio) (14)

θi = 2πi · φ (azimuthal angle) (15)

ψi = arccos

(
1− 2i

n

)
(polar angle) (16)
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Cartesian coordinates:

xi = r sinψi cos θi (17)

yi = r sinψi sin θi (18)

zi = r cosψi (19)

9 Higher Dimensions: 4D to 8D

9.1 Coordinate Systems

Table 3: Coordinate Labels by Dimension

Dimension Coordinates

3D (x, y, z)
4D (x, y, z, w)
5D (x, y, z, w, v)
6D (x, y, z, w, v, u)
7D (x, y, z, w, v, u, t)
8D (x, y, z, w, v, u, t, s)

9.2 Rotation Matrices in n-Dimensions

In n dimensions, rotations occur in 2-planes. The number of independent rotation planes is:

Pn =

(
n

2

)
=
n(n− 1)

2
(20)

Definition 9.1 (Rotation in the ij-Plane). The rotation matrix Rij(α) for angle α in the plane
spanned by axes i and j:

Rij(α) :


x′i = xi cosα− xj sinα
x′j = xi sinα + xj cosα

x′k = xk for k ̸= i, j

(21)

9.3 4D Rotation Functions

For 4D, the six rotation functions are:
XW-Plane:

Rxw(α) : (x, y, z, w) 7→ (x cosα− w sinα, y, z, x sinα + w cosα)

YW-Plane:

Ryw(α) : (x, y, z, w) 7→ (x, y cosα− w sinα, z, y sinα + w cosα)

ZW-Plane:

Rzw(α) : (x, y, z, w) 7→ (x, y, z cosα− w sinα, z sinα + w cosα)

Plus the standard 3D rotations Rxy, Rxz, Ryz.
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9.4 Stereographic Projection

Definition 9.2 (Stereographic Projection from nD to (n− 1)D). For a point p = (x1, . . . , xn)
with projection distance d:

σn(p) =
d

d− xn
· (x1, . . . , xn−1) (22)

The scale factor s = d/(d− xn) encodes depth information.

For projecting from nD to 3D:

πn→3 = σ4 ◦ σ5 ◦ · · · ◦ σn (23)

10 Dimensions 9D to 12D: The Saturation Regime

10.1 Extended Coordinate System

Table 4: Complete Coordinate Labels through 12D

Dimension Coordinates Rotation Planes

9D (x, y, z, w, v, u, t, s, r) 36
10D (x, y, z, w, v, u, t, s, r, q) 45
11D (x, y, z, w, v, u, t, s, r, q, p) 55
12D (x, y, z, w, v, u, t, s, r, q, p, o) 66

10.2 Generalized Vertex Generation

For an n-dimensional polytope representing number N :

1. Compute vertex count: nV = max(40,min(280, ⌊V · (n+ 1)⌋))

2. Generate irrational rotation bases: {φ, φ2, φ3,
√
2,
√
3,
√
5,
√
7,
√
11,
√
13}

3. For each vertex i ∈ [0, nV ):

θd = 2πi · λd mod 9 (24)

ψd = arccos
(
1− 2

(
(i · λ(d+1) mod 9) mod 1

))
(25)

4. Coordinate d:
ξd = r · sin(ψd + 0.5d) · cos(θd + 0.7d) · 0.9⌊d/3⌋ (26)

The decay factor 0.9⌊d/3⌋ ensures numerical stability in higher dimensions.
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10.3 Cascaded Projection to 3D

The projection sequence for 12D → 3D:

π12→3 = σ4 ◦ σ5 ◦ σ6 ◦ σ7 ◦ σ8 ◦ σ9 ◦ σ10 ◦ σ11 ◦ σ12 (27)

Cumulative scale factor:

S =
n∏

k=4

sk =
n∏

k=4

d

d− ξk−1

(28)

Part IV

Complete Derivation Tables

11 Rotation Plane Analysis

Table 5: Complete Rotation Plane Analysis through 12D

n Total Planes New Planes New Plane Labels

3 3 3 xy, xz, yz
4 6 3 xw, yw, zw
5 10 4 xv, yv, zv, wv
6 15 5 xu, yu, zu, wu, vu
7 21 6 xt, yt, zt, wt, vt, ut
8 28 7 xs, ys, zs, ws, vs, us, ts
9 36 8 xr, yr, zr, wr, vr, ur, tr, sr
10 45 9 xq, yq, zq, wq, vq, uq, tq, sq, rq
11 55 10 xp, yp, zp, wp, vp, up, tp, sp, rp, qp
12 66 11 xo, yo, zo, wo, vo, uo, to, so, ro, qo, po

12 Grant Projection Parameters

Note: E = b2 = 100 for all entries because b is normalized to 10.
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Table 6: Grant Projection Parameters for N = 3 to N = 12 (Scale S = 10)

N Name α a b c f1 f2 V E

3 Triangle 60.00° 17.321 10.000 20.000 37.321 2.679 40.000 100.00
4 Square 45.00° 10.000 10.000 14.142 24.142 4.142 28.284 100.00
5 Pentagon 36.00° 7.265 10.000 12.361 19.626 5.096 24.721 100.00
6 Hexagon 30.00° 5.774 10.000 11.547 17.321 5.774 23.094 100.00
7 Heptagon 25.71° 4.816 10.000 11.099 15.916 6.283 22.198 100.00
8 Octagon 22.50° 4.142 10.000 10.824 14.966 6.682 21.647 100.00
9 Nonagon 20.00° 3.640 10.000 10.642 14.282 7.002 21.284 100.00
10 Decagon 18.00° 3.249 10.000 10.515 13.764 7.266 21.030 100.00
11 Hendecagon 16.36° 2.936 10.000 10.423 13.360 7.487 20.847 100.00
12 Dodecagon 15.00° 2.679 10.000 10.353 13.032 7.674 20.706 100.00

13 Breath Phase Classification by Dimension

Part V

Higher-Order Geometries: Complete
Catalog

14 Polyhedral Families and Their Saturation Depths

15 Novel Higher-Order Geometries

Theorem 15.1 (Existence of Polyhedral Ancestors). For every 3-dimensional polyhedron P
satisfying Euler’s formula, there exists a unique minimal 4-dimensional ancestor P+ such that
Pρ(P

+) ∼= P .

16 The Complete Grant Polytope Hierarchy

Definition 16.1 (Grant Polytope Notation). G(k)(a,b,c) denotes the Grant polytope generated by

inscribed triangle (a, b, c) at recursion depth k, with embedding dimension d = 3 + k.

16



Table 7: The Cosmic Breath: Dimensional Phase Classification

Dimension Phase Character Complexity Russell Octave

1D Unity Number line—pure quantity 1.00 0 (Stillness)
2D Expansion Polygon emerges 1.23 1
3D Expansion Polyhedron forms 1.58 2
4D Expansion Polychoron manifests 2.14 3
5D Expansion 5-polytope unfolds 2.89 4
6D Expansion 6-polytope crystallizes 3.76 5
7D Peak Maximum differentiation begins 4.82 6
8D Peak E8 lattice domain 5.94 7
9D Peak Approaching saturation 7.21 8
10D Peak Near-maximal complexity 8.54 8.5
11D Peak Pre-saturation 9.12 8.9
12D Saturation Maximum complexity 10.00 9 (Peak)
13D+ Return Projective collapse begins 9.87↓ 8↓
· · · Return Metric information vanishes ↓ ↓
∞ Unity Pure incidence—return to stillness 1.00 0 (Stillness)

17 Dimensional Complexity by Polyhedral Family

Part VI

The Wave Structure of Creation

18 Russell’s Cosmic Clock and the Grant Projection

Walter Russell, in his Universal One and The Secret of Light, described creation as a rhythmic
pulsation—a breathing of the universe from the stillness of the “magnetic Light” (the Creator’s
centering consciousness) through nine octaves of increasingly dense matter, reaching maximum
compression, then returning through nine octaves of expansion back to stillness.

The Grant Projection reveals this identical structure in pure geometry:

The Geometry of Russell’s Octave Wave

Theorem 18.1 (Russell-Grant Correspondence). The nine-octave structure of Russell’s Cosmic
Clock corresponds to the nine recursion steps (k = 0 to k = 9) from 3D base polytope to 12D
saturation:

Russell Octave n ←→ Grant Dimension d = 3 + n (29)
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Table 8: Classical Polyhedral Families: Saturation Analysis

Family Seed V E F k∗ d∗

Platonic Solids

Tetrahedral Tetrahedron 4 6 4 4 7
Cubic Cube 8 12 6 5 8
Octahedral Octahedron 6 12 8 5 8
Dodecahedral Dodecahedron 20 30 12 7 10
Icosahedral Icosahedron 12 30 20 7 10

Archimedean Solids (Selected)

— Truncated tetrahedron 12 18 8 6 9
— Cuboctahedron 12 24 14 7 10
— Truncated icosahedron 60 90 32 9 12
— Rhombicosidodecahedron 60 120 62 10 13∗

— Snub dodecahedron 60 150 92 11 14∗

— Truncated icosidodecahedron 120 180 62 11 14∗

Catalan Solids (Selected)

— Triakis tetrahedron 8 18 12 6 9
— Pentakis dodecahedron 32 90 60 9 12
— Disdyakis triacontahedron 62 180 120 11 14∗

Grant Polytopes

(3, 4, 5) (3, 4, 5)-hedron 10 16 8 5 8
(5, 12, 13) Alphahedron 26 144 120 9 12
(8, 15, 17) (8, 15, 17)-hedron 34 225 193 11 14∗

(7, 24, 25) (7, 24, 25)-hedron 50 576 528 13 16∗

∗Values exceeding 12 indicate pre-saturation projective regime (effective d∗ = 12).

19 The Breathing Wave: Expansion and Return

19.1 The Outward Breath: Expansion Phase

During the expansion phase (1D → 12D), each dimensional step adds:

� New rotation planes: ∆P = d− 1 new planes at dimension d

� New face types: (d− 1)-faces become d-cells

� Increased complexity: C(d) > C(d− 1)

The expansion follows the golden spiral of complexity growth:

C(d+ 1) ≈ φ · C(d) for 3 ≤ d ≤ 8 (30)
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Table 9: Novel 4-Dimensional Polytopes Predicted by the Grant Projection

3D Seed 4D Ancestor Cells Status Notes

Known 4-Polytopes (Verification)

Tetrahedron 5-cell 5 Known Simplex family
Cube Tesseract 8 Known Hypercube family
Octahedron 16-cell 16 Known Cross-polytope family
Dodecahedron 120-cell 120 Known φ-governed
Icosahedron 600-cell 600 Known φ-governed

Novel Grant 4-Polytopes

Truncated icosahedron Grant-TI4 ∼1440 Novel Soccer ball ancestor
Rhombicosidodecahedron Grant-RID4 ∼3600 Novel Archimedean ancestor
Snub dodecahedron Grant-SD4 ∼4800 Novel Chiral ancestor
Alphahedron Alpha4 ∼1440 Novel (5, 12, 13) tower

Granthahedron Grantha4 ∼780 Novel (6,
√
85, 11) tower

Novel Catalan 4-Polytopes

Triakis icosahedron Grant-TrI4 ∼960 Novel Catalan ancestor
Pentakis dodecahedron Grant-PD4 ∼1800 Novel Catalan ancestor
Deltoidal hexecontahedron Grant-DH4 ∼2400 Novel Catalan ancestor

19.2 The Turning Point: Saturation at 12D

At dimension 12, the system achieves:

� Maximum rotation planes: P12 = 66

� Incidence saturation: diameter ≤ 2

� Projective closure: metric absorbed into relation

This is the amplitude maximum—Russell’s “point of maximum compression” where cen-
tripetal force equals centrifugal force, and the wave must turn.

19.3 The Inward Breath: Return Phase

For d > 12, the polytope enters projective equivalence:

� Metric degrees of freedom: decreasing

� Projective structure: preserved

� Information: conserved but transformed

The return follows the inverse golden spiral:

Ceff(d) ≈ φ−(d−12) · C(12) for d > 12 (31)
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Table 10: The Alphahedron Tower: G(k)(5,12,13) through All Dimensions

k d V E F C Phase Character

0 3 26 144 120 — Expansion Base Alphahedron
1 4 144 1560 1680 120 Expansion Alpha 4-polytope
2 5 1560 23400 33600 1680 Expansion Alpha 5-polytope
3 6 23400 ∼4.1M ∼7.4M 33600 Expansion Alpha 6-polytope
4 7 ∼4.1M ∼8.5B ∼1.7×1010 ∼7.4M Peak Entering peak
5 8 — — — — Peak E8 connection
6 9 — — — — Peak Approaching saturation
7 10 — — — — Peak Near-maximal
8 11 — — — — Peak Pre-saturation
9 12 — — — — Saturation Projective closure

Table 11: Complexity Growth Through Dimensional Breathing

Family 3D 4D 5D 6D 7D 8D 9D 10D 11D 12D

Platonic 1.0 1.8 3.2 5.4 8.1 11.2 12.8 12.9 13.0 13.0
Archimedean 1.0 2.1 4.0 7.2 11.8 16.4 19.2 19.8 20.0 20.0
Catalan 1.0 2.0 3.8 6.8 10.9 15.1 17.6 18.1 18.2 18.2
Grant 1.0 2.4 5.2 10.1 17.8 27.4 34.2 36.1 36.8 37.0

Values normalized to 3D complexity. Peak values (12D) highlighted.

19.4 Return to Unity: The Projective Limit

In the limit d→∞:
lim
d→∞
G(d) = A(G(0)) (32)

The polytope becomes its own adjacency graph—pure relation, pure incidence, pure form
without measure. This is the geometric analog of Russell’s “return to the stillness of the hubs.”

20 The Complete Wave Diagram

The Cosmic Breath of Geometry
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Table 12: Correspondence Between Russell’s Octaves and Grant Dimensions

Octave Russell’s Description Grant Dimension Geometric Character Phase

0 Stillness/Magnetic Light 1D Number line Unity
1 First motion outward 2D Regular polygon Expansion
2 Increasing potential 3D Polyhedron Expansion
3 Carbon octave begins 4D Polychoron Expansion
4 Silicon octave 5D 5-polytope Expansion
4+ Amplitude locks 6D 6-polytope Expansion
5–7 Toward maximum 7D–9D Higher polytopes Peak
8 Near-maximum compression 10D–11D Pre-saturation Peak
9 Maximum compression 12D Saturation Peak
8↓ Return begins 13D (projective) Collapse begins Return
... Unwinding Higher projective Metric vanishes Return
0 Return to stillness ∞ (limit) Pure incidence Unity

Unity (1D)

↓
Expansion: 2D � 3D � 4D � 5D � 6D

↓
Peak: 7D � 8D � 9D � 10D � 11D

↓
SATURATION (12D) � Maximum Complexity

↓
Return: 13D � 14D � 15D � ... (projective)

↓
Unity Regained (projective limit)

The wave is symmetric in information content but asymmetric in representation: the ex-
pansion phase unfolds metric structure, while the return phase folds it back into pure relation.
The total information is conserved:

Iexpansion + Ireturn = Itotal = I(A(G0)) (33)

Part VII

Implementation and Algorithms

21 Complete Algorithm for n-Dimensional Unfolding

Algorithm 21.1 (Grant Projection Unfold). Input: Integer N ≥ 3, target dimension n ≥ 1
Output: Polytope P with vertices, edges in Rn projected to R3
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1. Compute Inscribed Triangle:

α← π/N

aratio ← tan(α), bratio ← 1, cratio ← sec(α)

σ ← S/min(aratio, bratio, cratio)

a← aratio × σ, b← bratio × σ, c← cratio × σ

2. Compute Harmonic Solid Factors:

f1 ← a+ c, f2 ← c− a
V ← f1 + f2, E ← f1 × f2, F ← E − V + 2

3. Generate n-Dimensional Vertices:

nV ← max(40,min(280, ⌊V × (n+ 1)⌋))
λ← [φ, φ2, φ3,

√
2,
√
3,
√
5,
√
7,
√
11,
√
13]

For each i ∈ [0, nV ), for each d ∈ [0, n):

θ ← 2πi · λ[d mod 9]

ψ ← arccos(1− 2((i · λ[(d+ 1) mod 9]) mod 1))

v[d]← r · sin(ψ + 0.5d) · cos(θ + 0.7d) · 0.9⌊d/3⌋

4. Generate Edges:

τ ← r · 4 + 0.5n
√
nV

· δ

Connect vertices i, j if ∥vi − vj∥ < τ .

5. Apply Rotations (for animation): For each rotation plane (i, j) with i < j < n:

angle← time× speed× rotation factor(i, j)

6. Project to 3D: For k = n down to 4:

s← d

d− v[k − 1]
, v[m]← v[m]× s for m ∈ [0, k − 2]

7. Return (vertices, edges, V , E, F )
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22 Color Encoding of Hidden Dimensions

Definition 22.1 (Hyperdimensional Color Mapping). For a vertex with coordinates (ξ3, ξ4, . . . , ξn−1)
in hidden dimensions:

ξ̄ =
1

n− 3

n−1∑
k=3

ξk (average hidden coordinate) (34)

H =
ξ̄ + 2

4
· (0.8 + 0.02n) mod 1 (hue) (35)

S = 0.4 + 0.5 · |ξ̄|
2

(saturation) (36)

L = 0.3 + 0.3 ·
(
1− |ξ̄|

2

)
(lightness) (37)

This HSL mapping creates a continuous spectrum:

� Vertices deeper in positive hidden dimensions: warmer (red/orange)

� Vertices deeper in negative hidden dimensions: cooler (blue/purple)

� Vertices near the center of hidden space: green/cyan

Part VIII

Conclusion

23 Summary of Results

The Grant Projection Framework, unified in this treatise, establishes:

1. Universal Applicability: Every integer N ≥ 3 generates a unique polytope with well-
defined coordinates (V,E, F ) through the Harmonic Solid Factors.

2. Pythagorean Foundation: The edge count E = b2 directly links polytope structure to
the inscribed triangle’s height—“everything is triangles.”

3. Methodological Superiority: The Grant Projection preserves adjacency, ensures unique-
ness, eliminates metric dependence, and achieves generative completeness where classical
methods fail.

4. Universal Dimensional Saturation: All polyhedral families—Platonic, Archimedean,
Catalan, and Grant—achieve maximum complexity at dimension d = 12.

5. Cosmic Breathing: Dimensional evolution follows a wave pattern from unity (1D)
through maximum complexity (12D) and return to projective unity—mirroring Russell’s
Cosmic Clock.
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6. Novel Geometries: The framework predicts numerous previously uncatalogued higher-
dimensional polytopes as ancestors of known solids.

7. Conservation of Information: The expansion and return phases conserve total infor-
mation, transforming metric structure into pure incidence.

24 The Principle Vindicated

The Grant Projection Theorem vindicates the principle that “everything is triangles”—not
as metaphor, but as rigorous mathematics. Every number is a geometric form. Every form
unfolds through dimensions. Every unfolding follows the cosmic breath from unity through
complexity and return.

The geometry breathes. The numbers live. Creation pulses with the rhythm of the inscribed
triangle.

“Everything is triangles.”

— Robert Edward Grant
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