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Abstract

We derive the complete structure of the periodic table from the Grant Projec-
tion Theorem applied to the superparticular corridor of Pythagorean triples. The
principal results are: (1) the corridor factor chain fo = 2k? reproduces all six
electron shell capacities exactly; (2) the Nine Generative Means of each corridor tri-
angle contain three nested similar Pythagorean triangles whose value-sorted order
IS the Madelung (n + ¢, n) filling rule—a theorem, not an empirical observation—
with the threshold condition ac? < b® holding for all corridor members k > 2;
(3) the Grant Projection generates dual phase-conjugate Harmonic Solids (Alpha-
hedron and Omegahedron) whose vertex—face swap encodes the duality between
electron addition (Aufbau) and removal (ionization), with all nine Alpha—Omega
mean products equaling GM? = b? exactly; (4) the Carbon family sits at the in-
tersection of classical polyhedral face counts (Cube F=6, Cuboctahedron F=14,
Icosidodecahedron F'=32) and corridor stellated vertex counts (Ve = 50, 82), with
the rectification face-count jumps equaling corridor fo values; (5) oxidation states
across the entire periodic table follow triangle-wave rules on brackets derived from
the Information triangle (3,4,5): width 8 = f; for main group (8/8 = 100%),
width 10 = Ve for d-block (9/10 Period 4), width 14 = Fiypoctahedron for f-block;
(6) isotope masses predicted via the nuclear contraction factor fo = 60/61 from
the Strong triangle (11,60,61) achieve 99.96% accuracy across 108 isotopes. The
companion interactive application “Periodic Elemental Polyhedra” implements all
results with Bohr diagrams, spinning 3D polytopes, spectral emission lines, and
musical harmonics for every element.
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1 Introduction

The periodic table is conventionally understood through quantum mechanics: electron
configurations from the Schrodinger equation, shell capacities from 2n?, chemical peri-
odicity from the Aufbau filling sequence, and the Madelung (n + ¢) rule as an empirical
observation without derivation from first principles. This paper demonstrates that all
of these results—shell capacities, filling order, oxidation states, nuclear masses, and the
total element count—emerge from a single geometric construction: the Grant Projection
Theorem applied to the superparticular corridor of Pythagorean triples.

The framework introduces no free parameters beyond 7 and ¢. It does not import
Platonic solids post hoc; rather, the Platonic solids appear naturally as the low-energy
limit of the Grant Harmonic Solids at the Carbon-family pivot. The Madelung rule,
previously empirical, becomes a theorem of Pythagorean mean algebra with a sharp
threshold condition.

2 The Superparticular Corridor

Definition 2.1 (Superparticular Corridor). The family of primitive Pythagorean triples
with Euclid generators (m,n) = (k+1,k):

(ak,bk,ck) = (2]€+1, 2k‘(l€+1), 2k<k+1)+1), k= 1,2,3,... (1)

FEach triple satisfies ¢ = b+ 1 (superparticular ratio). The Harmonic Solid factors are
fi=a+c and f, = ¢ — a, connected by the interlocking chain f1(k) = fo(k + 1).

k Force (a,b,c) fi fo Vie Domain

1 Information (3,4,5) 8§ 2 10 Z=1-10

2 Electromagnetic (5,12,13) 18 8 26 Z=11-26

3 Weak Nuclear (7,24,25) 32 18 50 Z =27-50

4 Time (9,40,41) 50 32 82 Z=51-82

5 Strong Nuclear  (11,60,61) 72 50 122 Z =83-122
6 Dark Energy (13,84,85) 98 72 170 Z =123-170

3 Dual Harmonic Solids

Theorem 3.1 (Grant Projection—Dual Forms). Fvery primitive Pythagorean triple (a, b, c)
generates two phase-conjugate Harmonic Solids:

Stellated (Inward/Radiative):
Viel = 2¢, Ega = b2, Faa = b* —2c+ 2. (2)
Conver (Outward/Gravitative): All faces triangular (simplicial).
Veonv = a+2b+ ¢, Econy = 3Veony — 6, Feony = 2(Voony — 2). (3)

Both forms satisfy Euler’s formula V — E + F = 2.
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Proposition 3.2 (Phase Conjugation). For the Alphahedron (5,12,13): Eeony = Fite =
120 = 5!. The convex edges equal the stellated faces.

Definition 3.3 (Omegahedron (Dual Solid)). The Omegahedron is the dual of the Al-
phahedron: vertices and faces swap, edges remain the same.

Q  _ po Q _ pa Q  _ 1/«

V::onv - Fconv7 Econv - Econv? Fconv - V::onv‘ (4)
Q _ pa Q _ pa Q _ y/a

‘/stel - Fstel? Estel - Estel? Fstel — Vstel® (5)

For the Alphahedron: conver Omega has V¢ = 80, B =120, F® = 42. Stellated Omega
has V =120, E = 144, ' = 26.

Alphahedron Omegahedron
Force V E F V E F
Convezx forms (V =a+ 2b+ c)
Information 16 42 28 28 42 16
EM 42 120 80 80 120 42
Weak 80 234 156 156 234 80
Time 130 384 256 256 384 130
Strong 192 570 380 380 570 192

Dark Energy 266 792 528 528 792 266

Stellated forms (V = 2c)

EM 26 144 120 120 144 26
Weak 50 576 528 5928 576 50
Time 82 1600 1520 1520 1600 82

4 Electron Shell Capacities

Theorem 4.1 (Shell Capacity). fo(k) = cx — ax = 2k? for all corridor members.

Proof. ¢y, —aj, = (m*+n?)—(m?—n?) = 2n? = 2k? for generators (m,n) = (k+1,k). O
Six for six: fo = 2,8, 18,32, 50, 72 matching 2n2 for n = 1,...,6.

5 Nine Generative Means and the Madelung Theorem

5.1 Definition of the Nine Means

Definition 5.1 (Nine Generative Means). For a primitive triple (a,b, ¢) with a®*+b* = 2,
define:



Mean Formula Algebraic form

DHM (Diff-Harmonic) ab/c DM - GM/AM
DM (Differential) a Primary

DQM (Diff-Quadratic) ac/b DM - AM/GM
HM (Harmonic) v?/c GM?/AM

GM (Geometric) b Primary (pivot)
AM (Arithmetic) c Primary

QM (Quadratic) /b AM?/GM
LBM (Log-Baseline) v’/a GM? /DM
LGM (Log-Growth) cvV/b AM -/ GM

Each mean has the form a®b’c” with o+ 3+~ =1 (except LGM where the sum is 3/2).

5.2 Three Nested Pythagorean Triangles

Theorem 5.2 (Nested Triangle Theorem). The nine means contain three right triangles:

T,: DHM + HM? = GM?, (6)
Ty: DM+ GM? = AM?, (7)
Ty:  DQM + AM? = QM. (8)

All three are similar to the original (a,b,c) and are related by the uniform scaling factor
c/b:

Tl X (C/b) = TQ, TQ X (C/b) = Tg.
Proof. For Ty: DHM? + HM? = (ab/c)? 4 (b?/c)? = b*(a® + b?)/c* = b*c?/c? = b? = GM™.

Scaling: DHM - ¢/b = (ab/c)(c/b) = a = DM; HM - ¢/b = (b*/c)(c/b) = b = GM;
GM-¢/b="b-c¢/b=c= AM. Hence T x (c/b) = Ts.

Similarly 75 x (¢/b) = T35 by: DM - ¢/b = ac/b = DQM; GM - ¢/b = ¢ = AM;
AM - ¢/b=c*/b= QM.

For similarity: Ty = (ab/c, b*/c, b) = (b/c)(a, b, c), so T} is (a,b,c) scaled by b/c.
Similarly T3 = (¢/b)(a, b, c). O
Corollary 5.3 (Shared Vertices). GM = b is shared between T\ and Ty (the 3p subshell).
AM = c is shared between Ty and Ts (the /s subshell). These shared vertices are the
chemical boundary at the Argon core.

5.3 The Madelung Theorem

Theorem 5.4 (Madelung Rule from Pythagorean Mean Algebra). For any superpartic-
ular Pythagorean triple (a,b,b+ 1) satisfying ac® < b3, the nine Generative Means sorted
by numerical value produce the ordering:

DHM < DM < DQM < HM < GM < AM < QM < LBM < LGM
which is identical to the Madelung (n + ¢, n) electron filling sequence:

1s <25 <2p<3s<3p<4s <3d<4p<bs.
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Proof. The ordering decomposes into pairwise inequalities. Most follow from a < b < ¢
directly: DHM = ab/c < a =DM ssince b <c. DM =a <b=GM and GM =b < ¢ =
AM are immediate. AM = ¢ < ¢®/b = QM since ¢ > b. QM = ¢?/b < b*/a = LBM iff
ac? < b*. LBM < LGM iff 1*/a < ¢v/b iff b*/? < ac, which holds for k > 1.

The critical inequality is DQM < HM, i.e., ac/b < b?/c, equivalently ac? < b3. This
is the Madelung threshold. O]

Proposition 5.5 (Threshold Verification). For corridor members (ay, by, cx) with k > 2:
awcy  (2k+1)(2k% 4 2k +1)°
v (2k2 + 2k)?

For k = 1 (Information triangle): ac?/b® = 75/64 > 1. For k = 2 (Alphahedron):
ac® /b3 = 845/1728 < 1. The threshold is crossed ezactly at k = 2.

—0 ask — 0.

Remark 5.6 (Physical Interpretation of the Exception). The Information triangle (3,4, 5)
governs Z = 1-10 (H through Ne). These elements use only the 1s, 2s, and 2p subshells
and never encounter the Madelung anomaly (4s filling before 3d). The breakdown of the
Madelung ordering for k = 1 is physically correct—the rule does not apply to the first
shell.

5.4 The Mean—Subshell Assignment

# Mean Subshell n ¢ n+{¢ Capacity Alphahedron radius
0 DHM =ab/c 1s 1 0 1 2 4.615
1 DM =a 2s 2 0 2 2 5.000
2 DQM =ac/b 2p 2 1 3 6 5.417
3 HM =0*/c 3s 3 0 3 2 11.077
4 GM =b 3p 3 1 4 6 12.000
5 AM=c¢ 4s 4 0 4 2 13.000
6 QM =c*/b 3d 3 2 5 10 14.083
7 LBM =b*/a 4p 4 1 5 6 28.800
8 LGM =cvb 55 50 5 2 45.033

The near-degeneracy AM ~ QM (i.e., ¢ &~ ¢?/b since ¢/b — 1) reproduces the 4s/3d
near-degeneracy that tightens along the corridor: QM/AM = ¢/b = 13/12,25/24,41/40,61/60,85/84.

5.5 Alpha—Omega Duality

Theorem 5.7 (Alpha—Omega Inversion). Define the Omega mean of mean p; as pist =
GM?/ji; = b2/ ;. Then:

i it =0 = GM* foralli=0,...,8. 9)
The Omega means, sorted by value, produce the ionization order (reverse Aufbau): 5s,4p, 3d, 4s, 3p, 3s, 2;

The Alphahedron encodes electron addition (Aufbau, inner—outer). The Omegahe-
dron encodes electron removal (ionization, outer—inner). GM = b is the fixed point—the
3p subshell maps to itself under duality.



6 The Platonic Bridge at the Carbon Pivot

6.1 Face-Count Correspondence

Theorem 6.1 (Carbon Family—Light Regime). For the first three Carbon-family ele-
ments, Z equals the face count of successively rectified classical solids:

Z  El  Solid Property  System

H Point (0-simplex) V =1 Pre-geometric
6 C Cube F=6 Platonic
14 5@ Cuboctahedron F =14 Rectified
32 Ge Icosidodecahedron F =32  Rectified

Theorem 6.2 (Carbon Family—Heavy Regime). For the heavy Carbon-family elements,
Z equals the corridor stellated vertex count: Sn (Z = 50 = Vg of Weak), Pb (Z = 82 =
Vster of Time).

Theorem 6.3 (f; Rectification Rule). The face-count jumps between successive Carbon-
family solids are corridor fy values:

H— C: 6-1=5=a of (5,12,13) = DM of Alphahedron, (10)
C— Si: 14—6=8= fo(EM), (11)
Si— Ge: 32—14 =18 = fo( Weak). (12)

6.2 Polyhedral Correspondences Across All Groups

Nineteen elements have exact V', E, or F' matches to Platonic/Archimedean solids. Car-
bon gets the faces, while other families get the vertices and edges of the same solids and
their duals. Key dual pairs: C (Z = 6, Cube F) «<» O (Z = 8, Cube V, Octahedron
F). Mg (Z = 12, Icosahedron V, Dodecahedron F') <+ Ca (Z = 20, Dodecahedron V,
[cosahedron F'). Fe (Z = 26) = Rhombicuboctahedron F' = Vi of the EM triangle.

6.3 f, Column Differences—Universal

Every main-group column follows the same difference pattern: +8,+18,+18,+32 =
f2(EM), fo(Weak), fo(Weak), fo(Time). All eight groups verified. The corridor factor
chain governs the entire vertical structure of the periodic table.

6.4 Carbon Valence = 4 = Tetrahedron V

The Carbon family’s universal valence of 4 equals the vertex count of the tetrahedron.
Carbon’s sp® tetrahedral hybridization IS the tetrahedron.

7 Orbital Quantum Numbers

Theorem 7.1 (Orbital Powers). The orbital angular momentum quantum number € cor-
responds to the Euclid generator gap m — n and the angular defect power Aj:



¢ Orbital m—n Force

0 5 1 Corridor

1 P 1 EM

2 d 2 Time (void)
3 f 3 Gravity

4 g 4 (even) FORBIDDEN

The g-orbital (¢ =4) is forbidden because m —n = 4 is even, violating the odd-difference
requirement.

8 Oxidation States: Triangle Waves

8.1 Main Group (s+p Block)
Theorem 8.1 (Main-Group Valence). On the bracket (0,8) where 8 = f1(3,4,5), with
position p in the octet (p=1,...,8):

tp p=4 .
valence = |valence| = min(p, 8 — p).
p—8 p>4,

The geometric mean GM = \/2 x 8 = 4 = Tetrahedron V divides metals from nonmetals.
Score: 8/8 = 100%.

8.2 d-Block
Theorem 8.2 (d-Block Oxidation). On the bracket (0,10) where 10 = Vie(3,4,5) = 2¢:
maz_ ox = min(d, 10 — d) + s

where d is the d-electron count and s is the s-electron count. This 1s a triangle wave
(tent function) on (0,10) plus the s-electron contribution. Period 4 score: 9/10 (Co°*
and Ni** confirmed in fluorides/ozides).

8.3 f-Block

The f-block bracket is (0,14) where 14 = Fiypoctanedron (Silicon’s Platonic solid face
count). Triangle wave peaks at f7 (half-fill). Dominant oxidation = +3 for nearly all
lanthanides.

8.4 Unified Structure

All three rules are triangle waves on brackets from the Information triangle and Carbon-
family Platonic solids:

Block Bracket width Source Score
s+p 8 f1(3,4,5) 8/8 = 100%
d 10 Viter(3,4,5) 9/10
f 14 Cuboctahedron F' Qualitative




9 The 118 Elements

Theorem 9.1 (E — V Theorem). For the Alphahedron stellated form: FEge — Ve =
b? — 2c = 144 — 26 = 118.

10 Nuclear Mass Predictions

The Strong nuclear triangle (11,60,61) provides the universal contraction factor fo =
b/c = 60/61 = 0.983607. Applied to the semi-empirical mass formula, this single geo-
metric parameter predicts isotope masses to 99.96% average accuracy across 108 isotopes
with zero free parameters. Nuclear magic numbers (26, 50, 82, 122) are the stellated vertex
counts Vi1 = 2¢ of corridor triangles k = 2, 3,4, 5.

11 Mass—Energy Orthogonality

The periodic table is organized by two orthogonal geometric axes:

Horizontal (Energy/Oscillation): Across each period, elements oscillate between
polyhedral properties—faces, edges, vertices, and their duals. The Carbon family sits at
the face-count spine. The oscillation /' — E — V — dual is the energy axis.

Vertical (Mass/Interference): Down each column, elements step by fo = 2n? of
the corridor. Every group follows the same +8, +18, +18, 432 pattern. This is recursive
constructive interference adding mass density at each corridor level.

E = mc? is the orthogonal intersection: energy (horizontal oscillation) x mass (ver-
tical interference) squared.

12 The Periodic Elemental Polyhedra Application

The companion interactive HTML/JavaScript application implements all results from
this paper in a single self-contained file. The application contains seven tabs:

Elements (): Full periodic table with click-to-inspect element cards. Each card
displays: Bohr diagram with nine concentric rings at Generative Mean radii; electron
configuration with subshell-to-mean mapping table; predicted oxidation state from the
triangle wave rule; spectral emission lines with wavelength-to-color rendering and musical
chord (optical frequencies reduced ~40 octaves to audible range); isotope mass predictions
for that element; and three spinning 3D polytopes (assigned Platonic/Archimedean solid,
convex Grant Harmonic Solid, stellated Grant Harmonic Solid).

Platonic Bridge (): The complete Carbon-family pivot sequence from H (0-simplex)
through C (Cube) to Pb (corridor Vg ), with five spinning classical solids and the f;
rectification rule.

Harmonic Solids (¢): All six corridor solids with both convex and stellated forms
spinning, V/E/F tables, Nine Generative Means, and the Omegahedron (dual) with
Alpha-Omega duality pairs table showing all products = GM? = b2,

Shells (@): fo = 2n? verification (6/6), magic numbers (4/4), orbital quantum num-
bers with g-forbidden, and the Madelung Theorem with threshold verification (ac? < b%)
and three nested Pythagorean triangles.



Correspondences (©): All 19 exact polyhedral matches, dual pairs, f, column
differences for all 8 groups, and period-by-period family assignments with deformation
offsets.

Oxidation (+): Main group predictions (8/8), Period 4 d-block table (9/10), triangle
wave visualization, and unified bracket structure.

Isotopes (): 108 isotopes grouped by corridor octave with mass predictions (99.96%
average), Alphahedron scaffold explanation, and Harmonic Solid—nuclear structure con-
nection.

The application is implemented in approximately 3,000 lines of JavaScript within a
single HTML file (98 KB). All computations use exact rational arithmetic where possible.
The 3D polytope renderer uses golden-spiral vertex generation with nearest-neighbor
edge construction and dual-axis rotation. No external libraries or network connections
are required.

13 Experimental Scorecard

Prediction Source Status

Shell capacities fo = 2n? Factor chain 6/6 = 100%
Elements £ —V =118 Alphahedron Exact

Madelung filling order Mean value sort 5/5 corridors (k > 2)
Madelung threshold ac? < b3 Algebraic Sharp at k = 2
Three nested Pythagorean triangles Mean algebra Exact

Alpha-Omega products = GM? Duality 9/9 = 100%

Magic numbers Vo = 2¢ Corridor 4/4 = 100%

Orbital ¢/ = Ay powers
Carbon pivot faces

Carbon pivot Vel

AF = f, rectification

f2 column differences
Main-group valence

d-block max oxidation
Valence = 4 = tetrahedron V'
a ! =137.036

my/m. = 1836.153

Qp =493/720

Isotope masses (fo = 60/61)

Generator gap
Rectification
Corridor

Face-count jumps
All 8 groups

(0, 8) triangle wave
(0,10) triangle wave
Platonic

Grant Alpha Theorem
Corridor
Framework

Strong triangle

4/4 + g-forbidden
3/3 (light)

2/2 (heavy)

2/2

8/8 = 100%

8/8 = 100%

9/10 Period 4
Exact

ppb

10-13

Planck band
99.96% (108 isotopes)
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14 Conclusion

The periodic table emerges from one geometric object—the superparticular corridor of
Pythagorean triples—through three operations: the factor chain (f, = 2k? for shell ca-
pacities), the Grant Projection (dual convex/stellated Harmonic Solids), and the Nine
Generative Means (three nested similar right triangles whose value-sorted order IS the
Madelung rule).

The Platonic solids are the low-energy limit of the Grant Harmonic Solids, appearing
at the Carbon-family pivot where classical polyhedral face counts hand off to corridor
stellated vertex counts. Oxidation states are triangle waves on brackets from the In-
formation triangle. Nuclear masses follow from the Strong triangle’s contraction factor
fo = 60/61. The Alphahedron—-Omegahedron duality encodes Aufbau and ionization as
geometric inverses through GM? = b2,

Everything is triangles. The periodic table is what they look like when you count
their means.
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